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ABSTRACT. We investigate p-adic automorphic forms on unitary groups through the ge-
ometry of infinite-level unitary Shimura varieties and the Hodge-Tate period map. We
first develop a perfectoid construction of overconvergent automorphic forms. Building on
this, we establish a canonical overconvergent Eichler-Shimura map linking overconvergent
cohomology to these p-adic automorphic forms. This map induces a comparison between
the corresponding coherent sheaves on the eigenvariety, with applications to the study of
its geometry and to p-adic L-functions.
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1. INTRODUCTION

This series papers aims to develop a p-adic Eichler-Shimura comparison theory for unitary
Shimura varieties. The present paper focuses on compact unitary Shimura varieties of
signature (1,n) (often referred to as being of Kottwitz-Harris-Taylor type, see [20]). Our
main result is the construction of a canonical comparison map over the eigenvariety. While
this serves as a prototypical case, subsequent paper will further explore higher Coleman
theory and address the general signature (a,b) together with the non-compact setting.

We begin by briefly recalling some background.

Shimura varieties are indispensable objects in Langlands program and related topics (e.g.
see [20] and [30]), as their cohomology provides a rich source of Galois representations and
automorphic forms. A basic problem is to compare its etale cohomology and coherent
cohomology. Eichler and Shimura established such a comparison for modular curves over
C. Later in [17] Faltings generalized this to locally symmetric spaces via the dual BGG
spectral sequence, a far-reaching extension of complex Hodge theory. Moreover, in his
seminal work [16], Faltings studied Hodge-Tate structure of modular forms and established
a p-adic analogue of Eichler-Shimura decomposition for modular curves over Q,, which is
essential in p-adic Hodge theory.

On the other hand, since the pioneering contributions of Serre, Katz, Hida, Mazur, and
Coleman, the theory of p-adic automorphic forms and eigenvarieties has been established
and rapidly developed, focusing on the p-adic interpolation of classical automorphic forms.
It is now well-understood that both the etale and coherent cohomology of Shimura varieties
admit such p-adic deformations, as explored in [19] and [2] respectively. A natural and
further topic is to p-adically interpolate the Eichler-Shimura comparison maps. We refer to
such a theme of p-adic family comparison as p-adic Eichler-Shimura theory.

Our paper establishes such a result for unitary Shimura varieties. Let F/Q be an imagi-
nary quadratic extension. Let G/Q be the unitary group of signature of (1,n) defining the
Shimura variety Sh¢ as studied by Harris-Taylor [20]. Fix a prime p > 5 which splits in
E and an isomorphism Gg, = GLpt1 X Gy As the similitude factor Gy, plays no role
in our analysis, we often view Gg, as GLy41 for simplicity. Let P, denote the parabolic
subgroup of G(Q,) associated to the Hodge cocharacter p (see section 2.1 in [11]) and its
Levi subgroup M, is isomorphic to GL; x GL,. Let M denote the G L,-factor inside M,,.
We consider ”reduced” weight, i.e. characters for Ty (maximal split torus of M). This
restriction is mild as central weight twists for G(Q),) won’t influence the geometry. Further
take compatible pinning down data (7', B) for G(Q,) and (Tas, Bar) for M(Qp). Let Tw
denote the corresponding Iwahori subgroup inside G(Z,) and Iw* denote the strict Iwahori
subgroup (preimage of T'(F,) under modulo p). Let X+ denote the Shimura variety with
strict Iwahori level subgroup at p. For a weight (Ry, ki) (see section 2.4), where Ry is a
suitable topological ring (e.g. affinoid algebra) and sy : Ths(Z,) — Ry, is a continuous map,
suppose Ky is r-analytic (r € Qsg). let D@;mcp denote the overconvergent cohomology
group (at strict Iwahori level), which is p-adic interpolation of classical etale cohomology
H"(X1y+, Vg). Further take w € Qs and let Mfgr:;“ denote the space of w-perfectoid
automorphic forms (same as a suitable overconvergent automorphic forms) at lev-
el Twt with weight kz; +n + 1 (shift kzz by n + 1 due to Kodaira-Spencer isomorphism,
see proposition 5.4), which is p-adic interpolation of classical automorphic forms (coherent
cohomology HO(X py+,w")).

Our main result can be summarized as follow (theorem 5.6, 5.11 and 6.11):
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Theorem 1.1. There is a Hecke and Galg, -equivariant overconvergent Eichler-Shimura
map of weight Ky
1
ESy, : O€ ¢ — M (—n),

Twt,w
which factors through the classical Fichler-Shimura map at classical weights. This map is
functorial in the weight kyy and glues to a comparison map
£8: 0%t — F] . (—n)

between corresponding coherent sheaves over the n-dimensional eigenvariety £.

Remark 1.2. We remark on other results for p-adic Fichler-Shimura theory in the litera-
tures:

(1) In [3] F. Andreatta, A. Iovita and G. Stevens established such p-adic family com-
parison theory for modular curves and recently Andreatta-lovita upgraded this result into
Yoverconvergent de Rham” (via period ring Bar) setting in [1].

(2) In [12], P. Chojecki, D. Hansen and C. Johansson developed such a comparison map
for Shimura curves. Later in [28] J. Camargo complemented their result by further relating
overconvergent modular symbols with higher Coleman theory. Moreover, in [13] H. Diao,
G. Rosso and J. Wu generalized Chojecki-Hansen-Johansson’s method into GSpag case and
in [14] they further studied higher Coleman theory (by [6]) in the setting of GSps. The
method by Chojecki-Hansen-Johansson is novel. They used infinite level Shimura varieties
and pro-etale topology, which provides a new perspective. Their comparison map s more
explicit and they can deal with more general weights than [3], which enables them to get the
comparison map over the full eigenvariety. Our paper is inspired by this method. Compared
to GLo case in [12], the higher rank unitary group setting introduces additional complezity.
There are also subtle difference-particularly in the representation theory-between Siegel case
in [13] and our unitary case (see section 5.3 for a brief discussion). In a subsequent paper
of this series I will also further explore higher Coleman theory (as in [14]) in our setting.

(3) More recently, Pan Lue’s remarkable work [27] introduced geometric Sen theory to
establish a different p-adic Fichler-Shimura theory for modular curves. Building on his
significant methods, Boxer, Calegari, Gee and Pilloni subsequently obtained general results
in this direction [5]. Nevertheless, their work differs from ours in several key aspects.
First, they use (locally analytic part) completed cohomology whereas we use overconvergent
cohomology via analytic distribution. Second, their method is Lie-theoretic, relying on Lie
algebras and differential operators; in contrast, our approach is purely group-theoretic.
Consequently, their notion of weight is defined on the Lie algebra, while ours is always a
character of the group. Amn important consequence is that their results require the weight
to be p-adically non-Liouville (see Definition 2.3.25 of [5]), a restriction we do not need.
Third, to obtain p-adic family decomposition (e.g split the relevant spectral sequence), they
impose an ordinarity (or small slope) assumption, whereas in the next paper of this series we
plan to work around "nice” points of the eigenvariety, as in [14]. Finally, the motivations
and applications also differ: their work is aimed at modularity results, while ours is directed
toward the study of eigenvarieties and p-adic L-functions, which aligns more closely with
group-theoretic methods. On the other hand, it would be interesting to further explore the
connections between these two approaches to p-adic Fichler-Shimura theory.

The proof of the above theorem is divided into two parts, following the strategy in
[12] and [13] but adapted to the case of unitary Shimura varieties. In the first part we
provide a perfectoid construction of overconvergent automorphic forms, which is of
independent interest. In the second part we investigate overconvergent cohomology and
overconvergent automorphic forms through pro-etale topology, and explicitly establish a
canonical overconvergent Eichler-Shimura map relating them.
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Now we introduce the first part. The main ingredient is the infinite level Shimura varieties
together with the Hodge-Tate period map 7 introduced in the breakthrough [30] of Peter
Scholze.

The perfectoid construction also provides a p-adic analogue of complex analytic auto-
morphic forms. See the nice introduction (in particular table 1.1) of [12] for more details.
As a warm up, let’s recall the analytic definition of modular forms of weight k:

e f is a holomorphic function on the upper half-plane h of moderate growth, satisfying
the transformation law, f (%) = (cz + d)¥f(2) for all ¥ € T (arithmetic subgroup for
GLQ(Z), e.g. Iy (N))

Equivalently f is also realized in in H(Xt(C),w*) (Xr(C) is the compactified modular
curve with level I and w” is the weight & modular sheaf). To see this equivalence, consider
the complex uniformization h — Y1(C) (the modular curve with level T'), the line bundle w*
can be suitably trivialized over h which involves twisted I'-action via automorphic factor
J(2,7) = ez + d, then H°(Xp(C),w*) will exactly correspond to analytic functions f on
satisfying transformation law (ignore the issue of cusps).

To establish p-adic analogue, we first consider the following diagram

Xoo —H 70

- l

Xk

P

where X, is the adic space of unitary Shimura variety with level K at p and X is the
infinite level Shimura variety, which is a perfectoid space (see [30]). The Hodge-Tate period
map 7wyt relates the geometry of flag variety to the infinite level Shimura while the natural
map Xy — Xk, connects the infinite level with finite level.

The intuition is that 7, can be seen as a kind of p-adic uniformization (analogue of
complex uniformization). However, the p-adic picture is more complicated than complex
setting. Automorphic bundle can’t be trivialized even after pulling back to X,,. This sug-
gests to working with suitable subspace of X, where such a trivialization can be achieved—a
perspective that fits well with the theory of overconvergent automorphic forms, which live
in a certain neighborhood of the ordinary locus rather than the entire Shimura variety X7,,.

For w € Q~, we will introduce w-ordinary locus over F¢, obtain X ,, through pullback
via mg7 and &7y, will be the image under 77,,. These are the desired subspaces and X7y, 4
will be the definition domain for perfectoid automorphic forms.

More precisely, let N;*¥ denote the unipotent part of the opposite parabolic subgroup
P and the flag variety F¢ is isomorphic to P,\Gg,. We further fix a suitable inclusion

A" = N9 < P\Gq, = FI,

and denote its image (an open subspace) inside F¢ by F¢* and use this inclusion to set up
coordinates z = (z1,- - ,zy) (view as column vector) over F¢*. Use the same notation for
their corresponding adic space version and we define

Fey :={x e FO* :max inf |z;(z) —a| <p "}
i a€ply
The locus shrinks as w increases. Through w7 and 77, we further obtain X , and X7y -

The flag variety F¢ is the projective space P" parametrizing lines in n + 1-dimensional
vector space. There is an exact sequence over the flag variety

0L —>¥ swP o,
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where .Z is the tautological line bundle and ¥ is the n+ 1-dimensional trivial vector bundle.
Let {eg,- - ,e,} denote the standard basis for Q;LH, then (e1,--- ,e,) further produces
sections s = (s1,--- ,s,) (view as row vector), for a matrix g € Jw C GLp11(Z,), suppose

g = <§“ i]]b), where g, is 1 X 1 matrix, g; is 1 X n matrix, g. is n X l-matrix and g4 is
c d

n x n matrix. Then under our coordinates, over F/,; we have the following transformation
rule (lemma 2.6)

9" (s) = s(zgs + ga)-
It suggests to introduce the analogue of automorphic factor

J(z,9) == 29y + ga-

Moreover through pullback to X ), let 3 denote the coordinates and s denote the corre-
sponding sections for w,,, we have

9" (s) =5J(3,9)

On the other hand, the n-dimensional vector bundle w_, is isomorphic to the pullback
via 7y, of the n-dimensional Hodge bundle over X7, (a special example of theorem 2.1.3
n [11]). It suggests to define perfectoid automorphic forms over X7y, ., as certain analytic
functions on X ,, satisfying suitable transform law, which provides a p-adic analogue of
complex analytic definition of automorphic forms.

We will denote the sheaf of w-overconvergent perfectoid forms with weight x;; and level
Iw by wi#. It is a sheaf of uniform Cp-Banach algebras over A7, .. More precisely,
let Jwys denote the Iwahori subgroup for M, and for weight kyy = (ky1, -, Kun) set
kY = (=Kup, -+, —ku,1). For any affinoid V C Xy, and let Voo denote the preimage
inside X 4, the section wi¥(V) are those functions f in CW =" (Iwyy, Ox...,(Voo)®Ry)
satisfying transformation law

g*(f) = ﬂ;J(J(éag))(f)»Vg € lw.

Here Cy " (Iwy, Ox,, (Voo )®Ry) is certain w-analytic induction (see section 2.4) on
Twyy, ie. the right translation via Bp(Z,) acts through the character k) and the re-
sulting left representation of Jwy, via left translation is denoted by p,,. In other words,
Co " (lwy, O, (Vao )& Ryy) consists of functions on Vs valued in Cr " (Tway, C,®Ry).

We introduce the twisted [w-action on C " (Iwy, ﬁ’mew(Voo)@)Ru) by
a.f = pry (J (3, ) (f).

Equivalently we can view overconvergent automorphic forms as those functions which are
invariant under the twisted lw-action.

The next task is to show that perfectoid automorphic forms are the same as overconver-
gent automorphic forms in the literature (e.g. [31]). Previously, Andreatta-Iovita-Pilloni
did such construction in their seminal work [2] for Siegel Shimura varieties. Later in [31]
Xu Shen generalized their construction to compact unitary Shimura varieties with signature
(I,n) x (0,n+1) x ... x (0,n+ 1). We will compare our construction with his result.

Both constructions are heavy in notations, here I only sketch ideas. See section 3 for
more details. It is recommended to read section 2.6 first, which provides a toy example for
such a comparison via describing classical automorphic forms through X .. The intuition
is:

Interpret classical theory of canonical subgroup in term of the new framework via wgp.

Roughly speaking, in [31] Xu Shen used Hodge height to measure the ”distance” to
ordinarity. For v € QN [0, 1] he introduced X7, (v) (in his notation is X (v) in section 3.2 of
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_1

[31]), a neighborhood of the multiplicative ordinary locus inside X7,,. Suppose v < =T

(m € Z~1) and take w € QN (0, m — Uffml], he constructed a natural map

AP TWE 5 X, (v).

Then the sheaf of w-analytic v-overconvergent automorphic forms of weight x; with Iwahori

level is

AIP
* ﬁIW$ [’{1\//{] ’

0
which means the subsheaf where By/(Z,) acts through the character ).

With the help of (pseudo-)canonical subgroup (i.e. see section 2.3 and section 3.7 of
[13]), we can show that two kinds of locus { X} and {X1,(v)} are equivalent system of
neighborhoods of multiplicative ordinary locus. The remaining task to compare two kinds
of sheaves. Unlike the classical setting, when n > 1, the map m, is not a group torsor.
The Borel subgroup Bj(Z,) naturally acts on it but this action is neither transitive nor
free. To make the comparison more comprehensive, a ” generalized Igusa torsor” is further
introduced:

rMPB . TGB, — IW) — Xp,(v).

It is a group torsor over X7, (v) and can replace the role of ZW,; in the construction.
By pulling back to infinite level, we obtain the following Cartesian diagram

IgBoo,w - Ing )

WfoIP’Bi NAIP,Bi
Xoo (V) —— X1 ()

where X (v) is the subspace of X via pullback of A, (v). Then the previous constructed
section s = (s1,--- ,8y) will further trivialize the group torsor ZGBx . Under this trivi-
alization, the overconvergent automorphic forms will correspond to Jw-invariant of certain
space of w-analytic induction on Iwy;. The Tw-action is twisted and the transformation
rule
g9°(s) =5J(3,9)

shows that this twisted action is exactly the same twisted action of Jw in the construction
of perfectoid automorphic forms. Therefore two constructions are equivalent. The proof also
demonstrates that our perfectoid construction realizes overconvergent automorphic forms
as the p-adic analogue of complex analytic automorphic forms.

One immediate advantage of perfectoid construction is that we can think of overconver-
gent automorphic forms as Iw-invariant of certain ”big” sheaf. It suggests that we can
also try to realize overconvergent cohomology as [w-invariants of some ” big” sheaf and ex-
plore comparison maps between these ” big” sheaves. This is exactly the strategy of second
part. In practice, there is a subtle fact we will work with strict Iwahori level to establish
such comparison map. The reason is that the automorphic factor J(3,g) suggests to use
opposite Borel subgroup of G(Q,) in defining analytic distribution and overconvergent
cohomology.

To carry out this method, one essential ingredient is the theory of pro-etale topology
established in [29]. Following the general construction in [19] and [23], we introduce analytic
induction and the etale sheaf Z,; computing overconvergent cohomology. Then through the
completed pullback we obtain the desired ”big” sheaf 67, over pro-etale site of X+,
(analogous open adic space inside strict Iwahori level Shimura variety X7,+). Similarly we
obtain the pro-etale sheaf @w;” via completed pullback of wfu.
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Inspired by highest weight theory of classical representation theory (see section 5.3 for
more details) we explicitly construct a map

ODy,, — G
which is equivariant under the action of Tw™. Taking [w™-invariants and further apply
some standard computations in p-adic Hodge theory relating pro-etale cohomology and
etale cohomology (i.e. [29] and generalized projection formula in [13]), we get the desired
p-adic Eichler-Shimura map (theorem 5.6):
+n+1
ESyy, : D€, ¢, = MU (=n).

Twt,w

It is compatible with classical Eichler-Shimura map at classical weights (theorem 5.11), thus
can be as p-adic interpolation of such classical comparison maps. Moreover it is functorial
in weights and can be glued into a comparison map over the eigenvariety £ (theorem 6.11).

The methods developed in this paper can be further generalized to other unitary Shimura
varieties. Moreover, having related overconvergent cohomology to overconvergent automor-
phic forms, we can further study its interaction with higher Coleman theory (as in [14] for
GSpy4). These directions will be explored in subsequent papers of this series.

Our development of a p-adic Eichler-Shimura theory for unitary groups is primarily moti-
vated by the study of the geometry of eigenvarieties and the arithmetic of p-adic L-functions.
In the case of GSp4 case, for instance, such a theory has enabled Diao, Rosso, and Wu to es-
tablish results on the ramification locus of the weight map for the eigenvariety (see Corollary
1.2.5 in [14]), and has allowed Loeffler and his collaborators to make progress on the Bloch-
Kato conjectures (see his ICM 2022 talk [25]). We aim to explore analogous arithmetic
applications for unitary groups in the future.

The paper is organized as follows.

e Section 2 introduces the basic notations and construct perfectoid automorphic forms
via infinite level Shimura varieties and the wyr period map.

e Section 3 compares this construction with previous constructions of overconvergent
automorphic forms and establishes their equivalence.

e Section 4 introduces the overconvergent cohomology groups.

e Section 5 construct suitable pro-etale sheaves associated with perfectoid automor-
phic forms and overconvergent cohomology, and derives the desired overconvergent Eichler-
Shimura map.

e Section 6 glues this map into a comparison map between the corresponding coherent
sheaves on the eigenvariety.

e Section 7 discusses further directions, including generalizations to other unitary Shimura
varieties and potential arithmetic applications.
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their encouragement and discussion. I also thank Wenhan Dai, Hao Fu, Zicheng Qian,
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Notations

For the convenience of readers, we mainly use similar conventions as in [12], [13], [31] and

[6].



8 RUISHEN ZHAO

e p is an odd prime with p > 3 (this is for simplicity as many ideas still hold for small
prime).

e We fix an algebraic closure Q, of Q, and an algebraic isomorphism C, = C, where
C, is the p-adic completion of Q,.We normalize the absolute valuation (norm) on C, so
that |p| = p~!. For any w € Q > 0, we denote by p* an element in C), with valuation
p~ . All constructions and arguments in this paper are independent on these choices and
conventions. We will write Galg, for the Galois group Gal(Q,|Q,).

e When we use the standard free module R"™ over a ring R, we work with the standard
basis {eg, ..., en—1}, where e; is the column vector with 1 at i 4+ 1-th entry and 0 at other
entry. Depending on the context we also use the re-labeling {z1,--- ,z,}. Unless otherwise
stated, all vectors are assumed to be column vectors and the matrix usually acts on them
via left multiplication. The transpose of the matrix g is denoted by ¢* and the composition
of transpose and inverse is g~* for short.

e Let M, ,(R) denote the set of a x b matrices over a (possibly non-unital) ring R. When
a = b we simplify the notation to M,(R).

e Let n be a positive integer. In this paper, we will usually decompose a (n+1) x (n+1)
into blocks in the following way: we will write

_(Y9a 9b
g <gc gd)

where g, is a 1 X 1 matrix, gy is a 1 X n matrix, g. is a n X 1 matrix and g4 is a n X n matrix.

e Unless otherwise stated, symbols in Gothic font (e.g. X) will represent formal schemes;
symbols in calligraphic font (e.g. X') will represent adic spaces; and symbols in script font
(e.g. .F) will represent other geometric objects like sheaves.

2. PERFECTOID AUTOMORPHIC FORMS

In this section we construct the perfectoid automorphic forms through the infinite level
unitary Shimura varieties and the Hodge-Tate period map wgyr.

2.1. Unitary Shimura varieties and 7wgy7. In this section we introduce the unitary
Shimura varieties. These were studied by Harris-Taylor for proving the local Langlands
of GLy (see [20]). For more details and background knowledge, see section 1.7, III.1, I111.4
of [20] and section 2 of [31] for a quick summary.

We will mainly follow the notation in Harris-Taylor ([20]) and Xu Shen ([31]), though
as we work with imaginary quadratic field instead of general CM field, which will simplify
many notations. In fact with more efforts in notations, our method can be generalized to
that setting.

Let E/Q denote an imaginary quadratic field. Take a prime p > 5 that splits in E.
The condition p > 5 is harmless and could be removed with additional technical work (for
canonical subgroups). Let the complex conjugation of Gal(E/Q) be c. Suppose p splits as
ww®. Let B/E denote a central division algebra of dimension (n+1)2 (n > 1) over E such
that

e the opposite algebra B is isomorphic to B ®g . F;

e B splits at w;

e For any place v of F, if it is not split over Q, B,, is split; if it is split over Q, either B,
is split or B,, is a division algebra;

e if n 4 1 is even then ”T‘H)’ is congruent modulo 2 to the number of places of Q above
which B is ramified.

Due to [20] 1.7 (see p.51), we can choose an involution of second kind * on B. What’s
more, we can choose some alternating pairing (,) on V. x V. — Q for the left B @ p B
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module V = B, which corresponds to another involution of second kind § on B. The
resulting reductive group G/Q is defined by

G(R) = {(9,)) € (B? ®g R)* x R*|gg" = AId},

here R is any Q-algebra. Let G denote the kernel of the similitude map G — Gy,
(g, A) = A. Due to lemma I.7.1 of [20], we can further require this alternating pairing on
V x V — Q satisfy

e If [ is a rational prime which is not split in E, then G is quasi-split at [,

e The unitary group Gg has signature (1,n).

By our conditions at p, we have the following isomorphisms over Q, :

Go, = (BZ)" X Gy = GLpy1 X Gy,

Then G1,g, & GLp11. As the similitude factor Gy, plays no role in later computations, we
can ignore it and think Gg, just as GLy11 by abuse of notations.
Fix a maximal order Op_ inside By and an isomorphism

Let O C B be the unique maximal Z;)-order such that (Og)* = Op and O = OB, .

Now we turn to describe the unitary Shimura variety associated to the Shimura datum
for G. Let K C G(Ay) be a small enough (neat) open compact subgroup. Then we
have a projective smooth moduli variety Shg over E, which parametrizes abelian varieties
with additional PEL (polarization, endomorphism, level structure) type structure. More
precisely, for any connected locally noetherian E-scheme S, the set Shi(.S) is identified
with the set of isomorphism classes {(A, A,¢,n)}/ ~, where

e A/S is an abelian scheme of dimension (n + 1)

e \: A— AV is a polarization;

e .:B — End(A)®Q defines an action with relations Aow(b) = +(b*)V o A for any b € B
and the pair (A,¢) is compatible in the sense of Lemma II1.1.2 in [20] (or equivalently this
action satisfies the Kottwitz condition about Lie(A));

e 1) is a level structure n : V@ Ay — V¢(A) (mod K).

This moduli variety is a disjoint union of |ker!(Q, G)| copies of the PEL unitary Shimura
variety Shi (G, X) associated to the corresponding Shimura datum. By abuse of notations,
we ignore such difference and think such moduli space as our Shimura variety.

Remark 2.1. Indeed, as we work with E/Q an imaginary quadratic field instead of general
CM fields, the center of G is just Resp gGm, which is cohomological trivial (the obstruction

ker'(Q, G) vanishes), we lose nothing.

What’s more, this paper mainly concerns with level subgroup at p and studies p-adic
geometry. Thus from now on, we will always suppose K = K, x K? and fix the prime
to p-part KP (tame level). Similarly we can decompose the level structure n as nP x 1.
Therefore the above data can decomposed into (A, A, ¢, n”) and 7, (information at p). Again
in this paper we will focus on 7,, which is purely about A[p*>]. Notice that we have the
canonical decomposition

A[p™] = A[@™] ® A[@“*],
and A[w™] is dual to A[w®*°]. Let € € M;,11(Z,) denote the idempotent which is 1 at entry
(1,1) and 0 at other entries, then we get a 1-dimensional p-divisible groups (and height is
n+1) H = eA[w™] and a decomposition

cA[p>®) = Hao HP.

We can translate the information 7, into level structure information about H.
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For later use, we further decompose the tame level K? = K50 x K Sy, Where Sy is a finite
set of bad primes (outside p):

e Sp contains {2, 3}.

e For each prime [ ¢ Sy U {p}, the field extension E/Q is unramified at I, G(Q;) is an
unramified l-adic group, the level subgroup Kj is a hyperspecial subgroup for G(Q;).

For later applications, we introduce more notations to explain the moduli interpretations
more clearly.

Let V' denote the standard free module Zg“ (not the previous module V), with the
standard basis {ep, ..., €, }, where e; is the column vector with 1 at i-th entry and 0 at other
entries. We equip Vg, with the standard action (left multiplication) by Gg, = GLn+1(Qp)
(ignore the similitude factor). The standard lattice V' determine a hyperspecial subgroup
K,(0), which is isomorphic to GLy41(Zp)). Moreover, we fix a pinning down data for
GLy+11: let T denote the maximal split torus consisting of diagonal matrices and B denote
the Borel subgroup consisting of upper triangular matrices. Now let Jw denote the Iwahori
subgroup of GL;1(Z,) which is the preimage of B(F,) under the modulo p reduction,
and Jw* denote the strict Iwahori subgroup of GL,1(Z,) which is the preimage of T'(F,)
under the modulo p reduction. What’s more, there is a standard Levi subgroup GLi x GL,,
corresponding to the decomposition V =< ey > P < ey,...,e, >. Let M denote GL,
and through the natural embedding M — GLi x GL,, we view M as a subgroup of
Gq, & GLp11. In this paper, by abuse notations, we will think M as the Levi subgroup
GLy x GLy,. As we will work with ”reduced” weights (the extra G L;-part action is trivial),
such simplification doesn’t matter.

We will mainly work with three level subgroups: K,(0) (hyperspecial), Jw (Iwahori) and
Tw™ (strict Iwahori). Let I' € {Iw,Iw*}, and let Xr denote the corresponding Shimura
variety over C, with level I" at p. For the hyperspecial subgroup K,(0), we will omit the
level and write X for the Shimura variety. And we use X etc for their associated adic spaces
over Spa(Cy, Oc,).

Remark 2.2. In the first part (perfectoid construction), we mainly work with Iwahori level
Tw and all arguments work directly for Iw™. The automorphic factor (lemma 2.6) suggests
to use opposite Borel subgroup when establishing p-adic Fichler-Shimura map. Therefore in
the second part we will work with strict Iwahort level to construct such a comparison map.

We recall the moduli information about level structure at p:

e For Iwahori level, each point further record a full filtration F'ile H[p] for H[p];

e For strict Iwahori level, each point further record a decomposition of H[p| thus a
splitting filtration F'ile H [p).

Then through the forgetful map, we get natural finite etale maps:

X Tw — X Twt — X s
and similarly for the adic spaces version
X Tw — X Twt — X.

Moreover, we can also discuss infinite level Shimura varieties in the framework of adic
spaces. Define the infinite level Shimura variety

Xoo 1= 1&1 Xk,
KP
such limits exits in the category of adic spaces (but not coming from an algebraic variety),

and in fact it is a perfectoid space (see [30] for the proof). The space X also has certain
moduli interpretations. Each Spa(C,, Oc,) point x corresponds to a tuple (4, ¢, A, n”) (tame
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PEL data) and an isomorphism (trivialization) n, : Z3*! = T,(H) (level at p). Moreover,
the group G(Qp) acts on X, from right and only influences information at p. We can
describe such right action as follow (in terms of moduli interpretation): Let g € G(Q)) and
x be a Spa(C,, Oc,) point, the action is

T g-a;

(A7 )‘7 2 77p§ np) = (A7 )‘7 2 77p§ 77p o g)'

Since the seminal work of Scholze in [30], the perfectoid (infinite level) Shimura varieties
have played increasingly important role in numerous areas of modern number theory, repre-
sentation theory and arithmetic geometry. One key ingredient is that it has the Hodge-Tate
period map 7wgr to flag varieties. This w7 is fundamental and relates p-adic geometry of
flag varieties and perfectoid Shimura varieties.

Now we describe the period map 7y in term of Spa(C,, Oc,) points.

Recall our moduli interpretation, each Spa(C,, Oc,) point = for X, corresponds to
(A, A, ¢,mP;mp), where 1, : Zg“ = T,(H). For the p-divisible group H, we have the fol-
lowing basic exact sequence in Hodge-Tate period map:

0 — Lie(H) — T,(H) @z, Cp % wyp — 0,

then the global map 77 sends x to 1, ' (Lie(H)), which is a line of Cp*! =V ®z, C, and
corresponds to a point in the projective space P(V'). In this way we define the period map:

THT Koo — Fl=P(V) =P".

This map 7gr is G(Qp)-equivariant. The group G(Qp) acts on both sides from right.
Previously we have seen its action on X,,. Here we briefly describe the action on F¥¢. The
geometry of the flag variety will be examined in more detail in the following section. The
group G(Qp) = GLp11(Qy) has a natural left action on Q) through left multiplication.

Now we define the following right action: for any g € GL,4+1(Q,) and v € @;H'l,

g*v = gilv.
This right action * further induces a natural G(Q,) right action on the flag variety F/.
To conclude this section, we outline the fundamental strategy throughout this paper.
The starting point is the following diagram

Xy T Fy

- l

Xk

p

The basic framework is to utilize g7 to relate the geometry of the flag variety F¢ with
the infinite level Shimura variety X, and the natural projection map Xo, — Xk, enables
us to explore finite level Shimura varieties. In particular we will investigate the following
natural maps

Trw : Xoo = XTw, Trw+t * Xoo — Xyt -

As a toy example, we record the following relations (lemma 2.2.4 in [13]):

Lemma 2.3. We have

ﬁ;lw = (W]wv*ﬁj(_oo)lw’ ﬁXIw = (Tf—Iw)*ﬁXoo)[w
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2.2. Flag varieties and representation theory. In this section we set up basic notations
for flag varieties, vector bundles on it and related weights in representation theory.

Recall that previously we have defined the right action * of G(Qp) on Q}?“ and the
flag variety F¢ = P™. From now on, for simplicity we will also use - to denote this action.
And by abuse notation we also write G instead of G(Q,) for short. Let P denote the
standard parabolic subgroup corresponding to the Levi subgroup GLi x GL,. It is exactly
the parabolic subgroup P, defined by the Hodge cocharacter [u] (in Shimura datum), see
section 2.1 of [11] for more details. More explicitly, the parabolic subgroup P consists of
matrices in the following form

a Pb
P (0 pd) '

Here we are using the convention that p, is 1 X 1 matrix, py is a 1 X n matrix and pg is a
n X n matrix. Now consider the following map

G — Ft,

g9 = g([eo])-
Here [eg] denotes the line spanned by eg. It induces the following isomorphism

P\G = F.

Moreover, let G act on left side via right multiplication (which is right action), this iso-
morphism is also G-equivariant.

Now we introduce some notations about coordinates and in particular w-ordinary locus
for the flag variety.

There is Bruhat stratification on the flag variety. In particular, there is an open strata
which is isomorphic to the affine space A™. More explicitly, let N denote the unipotent
subgroup for the opposite parabolic subgroup P,*, there is an open embedding

NP < P\G = FY,

and the image is exactly the open strata. We denote this open strata by F¢* (follow the
notation in section 2.3 of [13]). Through the isomorphism

A" = NOPP,
1
Al 1

Zn  eee . 1

we get coordinates z € Oryx (F€*)" for F¢*. And we will also think z = (zy,...,2,) as
column vector. This coordinate differs a little from inhomogeneous coordinate from V.
For a point x corresponding to [1 : 1 : ... : &y, its coordinate z(z) is the following

z(x) = (—x1, .oy —Tp).

In this paper we will always use this coordinate z. This convention will simplify our nota-
tions.

As we mentioned in the introduction, the overconvergent automorphic forms live in cer-
tain subset (neighborhood of ordinary locus) instead of the whole Shimura variety X, .
And in this paper, we will mainly focus certain locus inside the open strata F¢*. In next
paper of this series, we will discuss higher Coleman theory (see [6]) and study the whole
FL.
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From now on, we consider the associated adic space for F¢ and F£* and base change to
Spa(C,, Oc, ). For simplicity we still use the notation F¢, F£* to denote the resulting adic
spaces and use z to denote the coordinates.

For each w € Q¢, consider the following open adic subspace F¢; inside F£*

Fe :={x e F* :max inf |z;(z) —a| <p "}
i a€ply

It is w-ordinary locus over the flag variety. In section 2.3 we will introduce related w-locus
over Shimura varieties. Here w measures the ” distance” to ordinarity. When w grows, the
w-locus shrinks and becomes closer to ordinary locus. Here we briefly mention the following
standard fact justifying the name (see [30] III.1 for more details):

e Let A be an abelian variety over C,. Then its reduction is ordinary if and only if Lie(A)
is a Qp-rational subspace of T,(A) ® C,.

The following lemma shows that F¢ is stable under the Iwahori subgroup Iw (right)
action:

Lemma 2.4. The adic space FL is stable under the right action by Iw. More explicitly,
the action is described as follow:

FO x Tw— FU,

9a 9b -1
2,9 = — (2zgp + 20q + ge)-
g (QC gd> (290 + 9a)" (290 + 9c)

Its proof is a straightforward computation.
We further introduce a kind of automorphic factor J:

Myx1(Oc,) x Tw — My (Cyp),
J(V,9) == T go + ga.
This factor is very basic in this paper and also appears in the definition of perfectoid

automorphic forms.
Formally we define the right action of Jw on M, x1(0c,) as follow

97 = (Tap+9a) (VT ga + g0)-

Then this automorphic factor satisfies right 1-cocycle property:

Lemma 2.5. For any v e Myx1(Oc,) and g1, g2 € Tw, we have the following relation:

J(V,g192) = J(T, 1) T (91 - U, g2).

Again we can prove this lemma by direct computations and formally we can rewrite the

action g on F/; as
g-7z= J(Za g)il(z.ga + gc)-

Now we introduce certain vector bundles on the flag variety. They will correspond to
automorphic bundles on Shimura varieties. See theorem 2.1.3 in [11] for more general
results.

Recall our F/ is the projective space P". In particular, it has the (universal) tautological
line bundle .¥, and . embeds into the n+ 1-dimensional trivial vector bundle ¥". Moreover
we have the following exact sequences for vector bundles:

02 v swP 0.

Here #'P is the n-dimensional (quotient) vector bundle.
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More explicitly, we can write # 7 as the following quotient
WP - Ft= P\(Gx A") - P\G,

a

0 g b), it sends a point K (view as column
d

where P acts on A" from left: for any p = <

vector) to pg .
What’s more, the section of #P corresponds to the following algebraic functions on G:

{algebraic functions £ : G — A" : £(pg) = pa&(g),Vp € P,g € G}.
For each 1 < i < n, we consider the following global section s; for # P
si(g) := the i-th column of g,.

Write s = (s1, 89, ...,8,) and view it as row vector. Over the open subspace F¢*, there is
the following fundamental lemma:

9e 9d
9"(8) = s(zgp + ga) = 8J(2,9).
Proof. Tt is enough to check this over Spa(C,, Oc,) points. Recall our coordinates and set

0= <i HO >, then s(d) = I,. What’s more, we have

Lemma 2.6. For any g = (ga gb) € Iw, we have

Ya b
Sq —
g (z.ga +Gc zZgy + gd>
and (¢*(s))(6) = s(dg). Then the relation in the lemma holds.
O

This elementary lemma reveals the geometric origin of the automorphic factor J that
arises in our construction of perfectoid automorphic forms. See section 3.3 (comparison
with other constructions of overconvergent automorphic forms) for more details.

Remark 2.7. In this paper, as we work under unitary Shimura varieties with signature
(1,n) and reduced weight (see section 2.4). The n-dimensional vector bundle WP and its
corresponding automorphic bundle (differential forms) are already sufficient. For general
cases with signature (a,b), it is necessary to discuss two kinds of vector bundles (dimensional
a and b). Another one will be the dual bundle for the tautological bundle. So that situation
18 more complicated but many ideas in this paper still works. In later papers of this series
we will work out these details.

Finally we set up notations for inductions and weights.

Unless otherwise stated, we will always work with induction from right.

Let R be a commutative ring and G1 be a group with a subgroup G2. Let x denote
a character G1 — R* and Pr denote a certain property for R-valued functions on G1.
Consider the following space of functions on G1:

fl9192) = x(92)f (1), Vg1 € Gl,92 € G2,
f has Pr. '
It is called (right) induction with property Pr. The group G1 acts on this space

through left translation: for any ¢y € G1 and function f in this induction, g;.f is the
following element

Indg;’Pr(X, R) = {f :Gl1 =R

Vhi € G1,(g1-f)(h1) = f (g7 "ha)-
In this way the group action is from left and the induction space is a group representation.
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In this paper, most of times when we use inductions (e.g. define perfectoid forms, analytic
distributions), the subgroup G2 is clear (e.g. Borel subgroups), for simplicity we also omit
G2 etc. Moreover, we define a weight to be a character for split torus.

As an example we illustrate such induction ideas and weights for classical highest weight
representation. View the group G = GL,1 as an algebraic group over Spec(Qp). We have
fixed its Borel subgroup B corresponding to the set of upper triangular matrices. Let x be
an algebraic dominant weight for the maximal torus T' (diagonal torus). More explicitly,

K= (K, ..., in) € X*(T) = 7",
Ko > K1... > Kn.

And consider the twist k¥ = wg g(—k), here wy is the longest element in the Weyl group.

More explicitly, we have

kY = (—Kn, —Kn_1, - —K0)-

Let Alg denote the property of being algebraic and consider the following induction
Vo= Indg (Y, Q).

It is a finite dimensional algebraic representation for G. And it is indeed irreducible and
is called highest weight representation. Each finite dimensional irreducible algebraic rep-
resentation for G comes in this way. See Humpreys’ textbook [22] chapter XI for more
details.

We want to stress that here is a sign issue about weights. The group G acts on V,
through left translation, and the highest weight (respect to Borel subgroup) for 7' in this
representation is x exactly. This the reason why the definition for V, involves x". To
clarify this sign issue, we also call k¥ the induction weight and s the representation
weight. For example, for the standard representation QZH, the corresponding induction
weight is (0, ...0, —1) and the representation weight is (1,0, ...,0).

We will follow the usual convention about weights in the literature like Andreatta-Iovita-
Pilloni in [2] and Xu Shen in [31]. Roughly speaking, similar to above case, we will define
weight x forms via induction process involving weights x".

2.3. Notations for w-groups and w-ordinary locus. In this section we further set up
some notations for w-groups and introduce w-ordinary locus over Shimura varieties.
Previously in section 2.1, we have already fixed a pin down data (T, B) for G(Q,) and
introduce the subgroup M = GL, (plays the role of Levi subgroup). Moreover, let N
denote the unipotent subgroup for B and B°PP denote the opposite Borel subgroup with the
unipotent part IN°PP. The Iwahori subgroup corresponding to B°PP is denoted by [w®PP, it
is the subgroup of GL,11(Z,) that is the preimage of B°P(FF,) under modulo p. Similarly
we set up these notations for M. We fix a pin down data (T, Bas), where Ty is the
maximal torus defined by diagonal matrices and By is the Borel subgroup consisting of
upper triangular matrices. Let Nj; be the unipotent part of Bj; and similarly we introduce
the opposite counterpart (B, Nyi¥). Let Twys (resp. Twi”) denote the Iwahori subgroup
corresponding to By (resp Byy’). Obviously these notations are compatible:

Ty =TNM,By =B M,ITwy =ITwn M, ..

To simplify notations, we further set up

Go = GLp41(Zy), No := N(Zp), By := B(Zy),To :=T(Zp)
and
My := GLyn(Zyp), Naro := Nyi(Zy), Baro == By (Zy), Taro = T (Zy).

Similarly we define opposite analogue Ng™”, N{7%.
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Moreover, for positive integer s, we define

Ty,s = ker(Tni(Zy) — T (Zy/p%)),
BM75 = ker(BM(Zp) — BM(Zp/ps) s
NM,s = ker(NM(Zp) — NM(Zp/pS))

and similarly for N37°, BYP.
In particular, we can write the Iwahori decomposition for Iwj; as follow

Twy = N](\)/{;p(pzp)TM(Zp)NM(Zp) = NX/%TM,ONM,O-

We further set up certain ” Oc, -analogue” of these kernels. For any w € Q¢ we define

TM,w,ﬁ = ker(TM(ﬁcp) — TM(ﬁCP/pS)),
BM,wﬁ = ker(BM(ﬁ(cp) — BM(ﬁcp/pS) s
NM,wﬁ = ker(NM(ﬁ@p) — NM(ﬁCp/ps))

and similarly for NX/I[’Z}’ & BX%M o~ These groups are large and not p-adic groups in the

usual sense.
We introduce w-groups, which are about ” w-neighborhood” of previous p-adic groups.

For any w € Qs and s € Z~q, we define

T\ = {y = (i5) € Tur(Oc,) : 3y € Tass such that V(i, 5), i, — il <"}

B](\zl ={y=(y;) € TM(@CP) : Elvl € By, such that V(3 j), |%l-’j — il <p "},
N](\f)g = {v = (7iy) € Tu(Oc,) : 37 € Nars such that V(i, j), ‘%/',j — il <p "},

and similarly define N]?f[)i’(w) and Bgf;};’(w).
In the same way we define w-neighborhood for Tw;:

Iw](\flv) = {y= (v, ) € GLn(ﬁCp) : 37/ € Twyy such that V(i, j), ]’y;’j — il <p "}
For any positive integer m, we let Twys(Z/p™) denote the subgroup of GL,(Z/p™) which
is the image of reduction modulo p™ for Twys. If m is further the largest integer which is
equal or smaller than w, then the image ITwy — GL,(Oc,/p®) is also Twy (Z/p™). We
have the following Cartesian diagram

T ———— Twy (Z/p™)

|

GLn(@cp) — GLn(ﬂ@p/p“’)
We have the following analogue of ”large” Iwahori decomposition:
Fult) = NomEIT() i)
On the other hand, we have the following relations about w-groups:

Ts7) = TarsTato00 BNy, = BarsBatw,os Nyp s = NatsNat,o-

And similar relations hold for NK;’;’(M) and B;?ps’(w).

For later use (in particular the éomparison of two constructions in section 2.37), we
further introduce related group objects in adic spaces.
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Definition 2.8. Let B(0,1) = Spa(Cy(X), Oc,(X)) denote the closed unit disk and then
B(0,p~™) = p¥B(0, 1) is the closed disk with radius p~*.

(1) Define

L BO,p™) - B(0,p™)

Mwr= |1 B0 BOT)

1
As adic space it is isomorphic to B(O,p‘w)w
(2) Define
1+ B(0,p™")
Tt = 1+ B(0,p™™)
1+B(0,p™™))

n

As adic space it is isomorphic to B(0,p™")".
(2) Define
Iwag\l/lu) = (ai; +B(0,p7")), (ai;) € Twp.

n2

As adic space it is isomorphic to finite copies of B(0,p™")

The Spa(C,, Oc,)-points for them coincides with the groups Ths,w,¢, Nasw,e and I wj(\}”),

which justifies the notations.

Now we turn to introduce w-ordinary locus for Shimura varieties.

Let w € Qsg, in previous section we have defined w-ordinary locus F¢; on the flag
variety F{¢. Through pullback via the period map 7pyr, we get the analogue over Shimura
varieties:

Definition 2.9. Define
Xoow = mp(Fy),
it is an open adic subspace for Xo.
Moreover, we define

Xlw,w = 7TIw(‘/’]C'OO,w)a X1w+,w = Tt (XOO,U)>'

They are open adic subspaces for X, and X+ respectively.
They are called w-ordinary locus (over infinite level, Iwahori level and strict ITwahori
level).

Remark 2.10. The locus (Xx ) is stable under the natural right action by Iw. Moreover,
we also have

Xoo,w = 77[_11% (Xlw,w) = 77[_13+ (Xlw+,w)'
Recall the coordinate z = (z;) on F¢*, define 3; := 7};p2; and 3 := 7}z, in this way we
get coordinates 3 (view it as column vector) for Xy .
Finally we discuss the promised relation between the vector bundle # P over F¢ and
automorphic bundles over Shimura varieties.
Let H"™ (resp. HP»#"") denote the universal p-divisible groups (resp. Cartier dual)
over X (hyperspecial level at p). Denote the the natural map

ot HPM 5 X
Consider the universal Hodge bundle

W = (WHD)*Q']}-_LD,univ/X7
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which is an n-dimensional vector bundle over X. Similarly we get the line bundle
L := (ng)«Lie(H"™™ | X).
Consider the natural map 7mx : X — X and define
Weoo 1= Ty (w)-
We have the following observation (a special case of theorem 2.1.3 in [11]):
Lemma 2.11. There is a natural isomorphism

* D ~

Proof. Let L, = 7% (L) and it is a line bundle over X,. The exact sequence about Hodge-
Tate period map produces an exact sequence for vector bundles over Xy.:

0—Ly,— 0" 5w —0.

On the other hand, over the flag variety F¢ there is also an exact sequence for vector
bundles:

0L v WP 0.

From the construction, L is exactly the pullback (via mg7) of the universal line bundle
Z. Then the first exact sequence is the pullback of the second exact sequence. In particular
we obtain this lemma. g

Use pullback under natural maps A7, — X and Xjp,+ — X, we further define the
automorphic bundle wy,, and wy,,+ respectively.

Moreover, set s; := mj;ps; and § = (81,...,8,) = 7jpS (view it as row vector). These
are sections for w, and we have the following transformation law (due to lemma 2.6):

Y (s) = 537 +va) = 57 (3,7)

forany y= (¢ ) e Iw.
Y <ch Yd

Remark 2.12. As we will work with "reduced” weight (see next section), it is enough
to discuss this n-dimensional automorphic bundle. In general case, we will also consider
another automorphic bundle (dual bundle for L) coming from H.

2.4. Weight space and perfectoid automorphic forms. Following [12] and [13], we in-
troduce small weights, affinoid weights and further construct perfectoid automorphic forms.

Recall the maximal torus Ty, for M = GL,, it is an n-dimensional torus. Notice that
the torus T for GL, 1 has the following decomposition T = GLy X Ths. A " reduced” weight
for T is a weight which is trivial on GL1, and it is equivalent to be a weight for T3;. In
this paper, we will always work with ”"reduced” weight. In particular, the weight space
will be n-dimensional instead of n + 1-dimensional. As central weight twist won’t influence
too much, such assumption is mild. And this simplified convention is also widely used.
For example, in the literature about modular forms or eigencurve (like [12]), the weight is
usually a single element k instead of a two-tuple (ko, k1). Moreover, it will simplify many
notations in this paper.

Definition 2.13. The weight space is
W = Spa(Zy[[Tar (Zy)]], Zp[[Tar (Zp)])™ = SpalZ[[(Zy) "), Zp[[(Z;)"]))™,

here 7rig” means taking the generic fiber.
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The weight space parametrizes continuous weights, for example, W(C,) is exactly the
set of continuous group maps T (Z,) — C, . More generally, for any complete Z-algebra
R, each continuous weight x : Ty (Z,) — R* can be written as k = (K1, ..., k), where &; :
Z, — R* is a continuous character. From this description, we can see that the weight space
W is indeed a finite union of n-dimensional open ball. This fact can also be deduced from
the following (non-canonical) isomorphism (depending on choice Z; = p;,—1 X (1 + pZy)):

Zp[[Tar (Zp)1] = Zp[(1p—1)"1 @ Zp[[Th, .., Tl

Now we define small weights and affinoid weights (see section 3.1 in [13] for more details):

Definition 2.14. (1) A small Z,-algebra is a p-torsion free reduced ring which is also a
finite Zy[[T1, ..., T4)]-algebra for some non-negative integer d € Z>o. In particular, such an
algebra is equipped with a canonical adic profinite topology and is complete with respect to
p-adic topology.

(2) A small weight is a pair (Ry, ky) where Ry is a small Zy-algebra and ky = Ty (Zy) —
R}, is a continuous character such that ky((1+ p)l,) — 1 is topological nilpotent in Ry with
respect to p-adic topology. Then it induces a natural map

Spa(Ry, Ry)™ — W.

By abuse notation we also call U := Spa(Ry, Ry) a small weight and write RZ{F = Ry.

(3) An affinoid wetight is a pair (Ry, ky) where Ry is a reduced Tate algebra which is
topologically finite type over Q, and ry : Trn(Zy) — Ry, is a continuous weight. Then it
induces a natural map

Spa(Ru, Ry)"™ — W.
By abuse notation we may also call U := Spa(Ry, Ry;) an affinoid weight and also write
R} = Ry,.

From now on, by a weight we always mean a small weight or an affinoid weight.
We further introduce the following convention:
For any integer m, we also view m as a weight by identifying it with the character

TM(Zp) — Z;,
(t1, . tn) = [ [ 1
%

What’s more, for any weight x = (k1,...,K,), we write kK + m for the weight defined by
(k1 4+ m, ..., ip +m).

Now we define the conception of " mized completed tensor” as in section 3.1 of [13]. It is
slightly different from the convention in [12], see [13] for more details.

Definition 2.15. Let R be a small Zy-algebra.
(1) For any Zy-module Q, we define

QF R:= lim (Q &z, R/I))
j€lnx
here (I; : j € Inx) runs over a cofinal system of neighborhood of 0 consisting of Zy-

submodules of R. Moreover, if Q) is a Zy-algebra, then Q@)/R is also a Zp-algebra.
(2) For any Qp-Banach module Q with an open bounded Z,-submodule Qy. We define
the mixed completed tensor

QOR = (Qo@v'R)[;].

This is independent of choice of Qg.
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Combine with weights we give the following definitions:

Definition 2.16. Let (Ry, ry) be a weight.

(1) For any Z,-module Q, the symbol Q@)/RZ; will either represent Q@)/Ru in the case of
small weights, or represent the p-adically completed tensor over Z, in the case of affinoid
weights.

(2) For any Q, Banach module @, the symbol Q®Ry will either represent the mized
completed tensor in the case of small weights, or represent the p-adically completed tensor
over Q, in the case of affinoid weights.

Now we introduce r-analytic functions, which is basic for overconvergent automorphic
forms and overconvergent cohomology.

Definition 2.17. Let r € Qso and m € Z~q. Let Q) be a uniform Cp,-Banach algebra and
Q° be the unit ball.

(1) A function f:Z3' — @Q (resp. a function f: (Z;)™ — Q) is called r-analytic if for
each a = (a1,...,am) € Zy' (resp. a € (Z,)™), there is a power series f, € Q[[T1, ..., T]]
which converges on the m-dimensional closed unit ball B"™(0,p™") C Cy" such that

f(xl + a17 "'7xm + am) - fa(x].a 7xm)

for all x; € prﬂZp. Here "r' means the smallest integer that is greater or equal to r.

(2) Let C"~"(Zy', Q) (resp C""((Z;)™,Q)) denote the space of r-analytic functions.

(8) Let CT="(Zy', Q°) (resp C"~*"((Z; )™, Q°)) denote the subset of C"~"(Zy', Q) (resp
C™=((Zy)™,Q)) consisting of Q°-valued functions.

Further we define the r-analytic weights:
Definition 2.18. (1) A weight (Ry, ky) is r-analytic if it is r-analytic as a function

ku t (Z)" = Ry C C,@Ry
through the isomorphism
Tai(Zp) = (Zy)".

(2) For a weight (Ry, Ky ), we use ry to denote the smallest positive integer r such that

the weight is r-analytic.

Remark 2.19. (1) There is a standard fact that each continuous weight Z; — R} is r-
analytic for sufficiently large r. In addition, if it is r-analytic, then it extends to a larger
character R
Z;(l +pr+lﬁ¢jp) — (ﬁ@p@RZ{r)X.
See proposition 2.6 of [12] for more details.
(2) Moreover, for ky = (K1, ..., kn), it is r-analytic if and only if each k; is r-analytic.
In particular, for any w € Qsq with w > 1+ 1y, the weight Ky extends to a character

Kuy : T]EZ% — (0c,®R}) .
Recall the twist ry; = wo (k) = (—kup, -+, —ku) (section 2.2), now we introduce
r-analytic induction:

Definition 2.20. Let Q be a uniform C,-Banach algebra.
(1) A function f: Nyt — Q is called r-analytic if under the isomorphism

1
pZ 1 - n(n—1)
NJ(\)/IIJ,pl = g =Zp ®

)

Pl ... DLy 1
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the function is r-analytic. Let C"~*"(Ny", Q) denote the space of such functions.
(2) Let (Ry, ku) be an r-analytic weight. Extend rky to a group map ky : By — Ry by
setting ky|Ny, = 1. Define the following space (r-analytic induction):

= Ky Vyel B
C;;an(I’UJM,Q) — {f . Twyy — Q ‘ f(’Yﬁ) ’{U(/B)f(’}/% v e wM)B S M,Oa}'

opp 18 T-analytic.
f |NM1 Y

(3) Let CL “"(Iwp, Q°) denote the subset of C “"(Iwnr,Q) consisting of Q°-valued
functions.

In term of notations about inductions in section 2.2, we may also write

Crg™ (Twoar, Q) = Ind}gt" =" (1, Q).

Bo
We will use the left simplified symbol from now on.
Remark 2.21. We have the natural isomorphism (through restriction) between Cp-Banach
algebras:
Cr, " (Twa, Q) = C" " (NyH, Q).

The right side doesn’t involve the weight ky. But different ky will produce different rep-
resentations of Twyy on this space. This is analogous to the fact that Q) can act on Q,
through different characters.

Let xyy be a weight and let w € Q<1 with w > ryy + 1. The character ky extends to a
character on T ]&,U ()), As B](\Z))O = T]E}[U ())N ](\y )0, ky further extends to a character on B](\ZU)O via
trivial extension (set syl yw) = 1).

M,0

Moreover, each function f € C~*"(Iwys, Q) naturally extends to a function
f:I wg\?) - Q,

FOB) = ru(B)F(7), ¥y € Ty, B e BLY).
This fact follows from the following decomposition directly:
Fult) = NOmEIT() i)
In this way we get the natural identification
Ci, " (Twy, Q) = congC,:;a"(Iwg\f[U), ),
(w)

where the later one is r-analytic induction for Iw,,’ defined in the same way.

Similarly we have such extension for elements in Cy " (Iwas, Q°).

In particular, the space of r-analytic induction has a left action by I w](é["):

Definition 2.22. For w € Q<1 with w > 14 ry, there is a natural left action of Iwg&u) on
Cr, "(Twar, Q) via left translation:

(- F)(2) = f( '2)
for any ~v1,v2 € Iw%[”) and f € C,’;Z;“"(IwM,Q). We use py,, to denote this action.
Similarly we define the left action p.,, of ij(\ij) on CF " (Twy, Q°)

Recall the natural maps .y @ Xoow = Xrwws Trw+ @ Xoow = X+ - Now we are ready
to define the sheaf of perfectoid automorphic forms.
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Definition 2.23. Let (Ry, ky) be a weight and let w € Qs with w > 1+ ry.
(1) Let Ox,, @Ry be the sheaf on Xuo s given by

Y Ox, ,(Y)®Ry

for each affinoid open subspace Y C Xoon. This is a sheaf of uniform Cp,-Banach algebra.
Similarly, let be the sheaf on ﬁé\’cfo w@)R{; be the sheaf on X . given by

Vi Ox, (V)R

for each affinoid open subspace Y C Xoo w-

(2) For any r € Qs1 with v > 1+ 1y, let €7 " (Twp, Ox...,®Ry) denote the sheaf on
Xoo,w given by

Y= O, " (Twn, Ox, ,(V)®Ry)

for each affinoid open subspace Y C Xuo 4. It is also a sheaf of uniform Cp,-Banach algebra.
Similarly we define the sheaf €. *"(Iwyy, ﬁ;\tm’w@Ra).

(3) The sheaf of w-overconvergent perfectoid automorphic forms of Iwahori
level and weight ry is a subsheaf wi¥ of wpy « € " (Twar, Ox.. ,®Ry) defined as follow:
For each affinoid open subspace V C Xy with Voo = 71';1(]/), we define

w

Y = Pry 3 +70) S,
WU (V) =L f e C " (Twyy, Ox., (Voo ®RY) :
wu' (V) f " (Twyr, O, ,,(Voo )@ Ry) W_(za 71,)6]10.

Here v* f means the left action of v on Ox,, , induced by the right Tw-action on X -
Similarly, the sheaf of integral w-overconvergent perfectoid automorphic forms
of Twahori level and weight ry is a subsheaf wit of Trwx Gy " (Twy, ﬁ;oow@JR;)

defined as follow: For each affinoid open subspace V C Xpy . With Voo = WI_J(V), we define

V= ey G +72) 7,
Wit (V) = € CY ™ (Twy, 05 (Voo OR)) :
W, ( ) / u ( M Xoo,w( ) u) Yy = <,;a 32> e Iw.

(4) The space of w-overconvergent perfectoid automorphic forms of Iwahori
level and weight r;, is defined to be

MY = HO (X, ™).

Tw,w
Similarly the space of integral w-overconvergent automorphic forms of Iwahori
level and weight k;, is defined to be

M7t = HO( Xy, Wit F).

Tw,w

(5) The space of perfectoid automorphic forms of Iwahori level and weight ry,
is defined to be the following limit over w:
Mﬁlg = wll_r}IéO Mﬁlg,w‘
Similarly the space of perfectoid automorphic forms of Iwahori level and weight
Ky is:

Mt = lim MRt
Tw wooo | Hww

(6) In the same way, we define the sheaf of w-overconvergent perfectoid automor-
phic forms of strict Iwahori level and weight x;; as wi (use we use same notation)
over Xp,+ ., the space of w-convergent perfectoid automorphic forms of strict

Iwahori level and weight r; as MY . the space of perfectoid automorphic forms



PERFECTOID UNITARY SHIMURA VARIETIES AND p-ADIC EICHLER-SHIMURA MAP I 23

of strict Iwahori level and weight ry; as MZZU” +,, and their integral analogues wit
Kyt Kyt 7
le+’w, Mo

Remark 2.24. Indeed in the first half of this paper (establish theory of perfectoid automor-
phic forms), we will mainly work with Iwahori level. Only in the theory about overconvergent
Eichler-Shimura map we will work with strict Twahori level.

Remark 2.25. In the previous construction of overconvergent automorphic forms, there are
two basic numbers 1 and r9 measuring “distance” to ordinary locus and analytic radius.
For example see [2], [31] and [8]. Here for simplicity we use a single number w representing
these two quantities.

The perfectoid automorphic forms is indeed a kind of Tw-invariant (resp. Tw™'-invariant)
under a twisted action of Tw (resp. Tw™). We introduce the following twisted left action
of Tw on €2~ (Iwyy, O, ,,®Ry) by

Yof = Pry (36 Y)Y

We make the following remark, which is one important advantage of perfectoid methods
and is useful in the construction of overconvergent Eichler-Shimura map (see section 5.2 for
more details).

Remark 2.26. The subsheaf wt¥ is ezxactly the Iw-invariant (resp. Tw™ -invariant) of sheaf
Trw Gy " (Iwnr, Oxy, ,,@Ry) (Tesp. Tryr 6 " (Twyr, Ox,, ,,®ORy)) under the twisted
action.

Remark 2.27. As we mentioned in the introduction, the perfectoid automorphic forms is a
kind of p-adic analogue of complex automorphic forms. The latter is expressing automorphic
forms as certain functions on Hermitian symmetric domain satisfying transformation law,
see chapter I of [32]. Also see proposition 2.37 about classical forms.

2.5. Hecke operators. In this section we define Hecke operators acting on the space of
perfectoid automorphic forms. For simplicity we will work with Iwahori level Jw. The same
method applies to strict Iwahori level Tw™ directly.

Let (Ry, ky) be a weight and w > 1 + ry.

Hecke operators outside p. First we define tame Hecke operators (for good primes)
through Hecke correspondence.

Recall the global level subgroup K = K? x K, and K? = K50 x Ks,. Let [ be a good
prime (I ¢ So U {p}). The local unramified Hecke algebra for G(Q;) (with hyperspecial
subgroup Kj) is commutative. For any v € G(Q;), we will define a Hecke operator T
corresponding to the double coset [K;yK]].

The Shimura variety Xj,n,ry-1 have two finite etale maps to Xp,, one is the natural
map pr1 (through level subgroup inclusion) and another one pro is induced by transla-
tion via 7. In other words, we have the following diagram of here is a diagram of Hecke
correspondence:

Xlwﬂ'ylw'y* 1
pri pr2

X]w X[w

For simplicity let Xp, , denote Xp,nyrpy-1 and define Xpy 0 = pry 1()( Twaw). Similarly
we still have the Hecke correspondence:
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XIW,’Y,U)
pr1 pr2

Xlw,w XIw,w
To define the Hecke operator T, we first produce a natural isomorphism

. * Ky v * Ky
¢’Y PPTWy"t = PTWy” -

Pullback the above diagram of Hecke correspondence to infinite level, we get

X(X)7/Y7w
N
Xoo,w Xoo,w

and consequently a natural Jw-equivariant isomorphism
V00 F PT2100 0o = P11 100 O -
It further induces an isomorphism
P00 0 Cro = ™ (Twig, Pry oo O %oy @Rut) =2 C ™ (Twg, PTY o0 Oty O Ru).-

Recall the coordinate 3 via pullback mgr : X — F;. Let 3/ = pri oo and 3” = Pri cod
As g is purely about information at p. we have 3/ = 3”. Then the above isomorphism
)y,00 is further equivariant under twisted Jw-action. Because the perfectoid automorphic
sheaf is indeed such invariant under twisted Jw-action (see remark 2.26), we get the desired
isomorphism:

. *, Ky n~ * Ky
Uy prowy = priwy.

Finally we can define the Hecke operator

pri
T’y : HO(XIw,w)QZM) =

HO(XIw,’y,wv pr;&ﬁ,“)
Py

0 Trp7»1 0
HY(Xp 0, priwgt) —— H?(Xpw 0, Wit ).

Hecke operators at p. Now we turn to define Hecke operators at p. This is more subtle
than tame case.
For 0 < i <n —1, we consider the matrices u,; € G(Q)) defined by

p

Up,i = pl;
]In—i

U i
., — Dt +
U’p,l - < U 5 )
Pyt —

where up; 4 is the 1 x 1-matrix p and w,; — is the n x n-matrix.

We further write

Remark 2.28. For general unitary Shimura variety (e.g. see [8]) with signature (a,b),
we will use similar convention. And wp; will be an a X a-matriz and u,; — will be a
b x b-matrixz. We will discuss such generalizations in later papers of this series.
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Through direct computations, both F¢,5 and X 4, are stable under u,, ;-action. Moreover,
Up,o sends Xog o INto Xog 1y 1.
Recall the twisted action of Iw on Cg " (Iwyy, Ox.. ,®Ry) given by

Y-S = ey 376 + va)Y "S-
Now we define the Hecke operators U ;.

Definition 2.29. (1) We define uy;-action on Cg " (Twyy, ﬁXm’w(/X\)Ru) by
(up,i-f)(y) = U;,i (U;,},JYOUP,}—@’

where f € CL- " (Twyy, Ox.. .®Ru), v =08 € Twyn with vy € Ny and B € Bur.

(2) For f € Cy " (Twy, Ox...,®Ry) satisfies

v.f=r
for any v € Tw. Pick a decomposition
Twuy i Tw = |_| i jup il w
j

with 6; j € Tw. Define
Up,i(f) == Z 8ij-(upi-f) € CL " (Twnr, Ox,, ,, ®Ry).
J

The following proposition shows that U, ; is well defined. Its proof also gives a better
interpretation for u, ;-action: formally it is same as the twisted action defined by Iw.

Proposition 2.30. The operator U, ; is well defined. In other words, it is independent of
choice the representatives 0; ;.

Proof. First we give a unified interpretation of wu, ;-action and Jw-action.
Consider the exact sequence

1= Tv(Zy) = T (Qp) = Xu(Thr) — 1

where X, (Tys) = Z" is the group of algebraic cocharacters. Consider the following map
which splits this exact sequence

Xi(Thr) = T (Qp),
A= A(p).
We obtain the following decomposition
T (Qp) = Thu(Zp) X Xi(Thr)-

Through this decomposition, any s for Ths(Z,) extends trivially to Tp/(Qp). Because
By (Qp) = T (Qp)Nar(Qp), the original weight ks further extends trivially to Bas(Qp).

—~

Let Twys denote the product Twyr By (Qp). The natural inclusions
N, M1~ Twyr — I/I;]\/4
induces natural identifications
Nyrh & Twy /By (Zp) = Twar / Bur(Qp).
Then for the same weight xy, the induction from Bys(Zy,) to Iwys is the same as the
induction from Bj/(Q,) to Jwys. In other words, we have

Cl " (Twa, Ox,, ,,@Ry) = Cﬁ;a"(f/vjz\;y Ox.. .©Ry).
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What’s more, I/QEJ\//I is stable under left multiplication of u;zl

Now for any f € Cg;a”(f@ﬂ, ﬁ;{ooyw@)Ru), we can rewrite the u, ;-action as follow:
(upi-f)(7) = i () (g 37).
Further notice that the automorphic factor (in section 2.2) formally extends
J (3, Up,i) = 3Up,ip + Upjid = Upji,—-
Then formally
(tpi-£)(7) = s ()T (3 upa) ™) = (P, (I (5 up) )y 5 () (),

which is exactly the same manner as twisted action by w. What’s more, the right 1-cocycle
property (lemma 2.5) of factor J also extends.
Now to show that U, ; is well defined, it is enough to check the following statement:

e Suppose du,; = up;y with 6, v € Jw, then for any f € Cg;a”(ﬁuﬂ, ﬁXw,w®RM)a we
have 6.(upi. f) = up.f
Just observe that d.(up;.f) = (0up;).f = (upiy)-f = up,i-(7.f) = up,.f, we're done.
]

Consequently we get the following lemma:

Lemma 2.31. Suppose f € Cgu_a”(IwM,ﬁXm7w®Ru) which is invariant under twisted
T'w-action. Then the resulting element U, ;(f) is also invariant under twisted Tw-action.

Proof. Still use the same decomposition in the above definition for U, ; and pick v € Tw,
we have

v.Up,i(f) = Z’Y-(éi,j‘up,i-f) = Z(’Yf5i,j)-(up7i.f).
J J

The last sum is also Uy, ;(f) as {7d;;} is another set of representatives.

In particular, we construct Up ;-operators acting on M;¥ = H(ijw,gﬁ“).
In summary we give the following definition.

Definition 2.32. The tame Hecke algebra (outside p) is defined to be
T .= Z,[T, : v € G(Q,),1 ¢ So U {p}]
and the total Hecke algebra is
T:=T% ®Z,Uy;:0<i<n-—1].

Finally we define U, := ][, Up; and this is a compact operator (such compactness is
fundamental for overconvergent automorphic forms, e.g. see [2] and [31]):

Proposition 2.33. The operator U, is a compact operator on M4 .

Proof. By straightforward computations, U, factors as
HO(XIw,unQZu) — HO(XIw,w-l—laQZu) — HO(XIw,w—&-l;quu_l) — HO(XIw,w7QZJM)7

The first map (natural restriction) is a compact operator and the last map is also compact
(see [19] section 2.2). Therefore U, is a compact operator.
O
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Remark 2.34. In work of Andreatta-Iovita-Pilloni [2] and Xu Shen [31], their Hecke opera-
tors at p come with certain normalization factors (i.e. they are multiplied by suitable powers
of p). Our operators are not normalized. This is the only difference of two constructions.
In this paper we willy mainly work with generic fiber (over Qp, or Cp), such normalization
factor is irrelevant. Its role becomes essential at integral setting (e.g. [15] and [7]). I plan
to investigate this subtle issue about integrality in the future.

2.6. Classical automorphic forms. In this section we interpret classical automorphic
forms in a similar manner of perfectoid automorphic forms via infinite level Shimura vari-
eties. This also provides a toy example for the equivalence between perfectoid automorphic
forms and overconvergent automorphic forms via Andreatta-Iovita-Pilloni methods (see sec-
tion 3.3).

Let k = (K1, ,kn) € Z™ be a dominant weight, i.e. k1 > k2--+ > K;,. Consider the
algebraic (right) G L,-torsor over Xp,,

T M= Isomy,, (0" wr,) = Xrw.
Let m.Op[k"] denote the subsheaf where By acts through the character V.

Definition 2.35. (1) The sheaf of classical automorphic forms of weight r with
Twahori level is defined to be

Wy = T Opm[KY].

The space of classical automorphic forms of weight k with Iwahort level is
,cl
Mfwc = HO(XIUHg?w)'
(2) The sheaf of integral classical automorphic forms of k with Iwahori level is
Wit = m o kY.

The space of integral classical automorphic forms of weight x with Iwahori level

1S
Kyel,+ 0 Kyt
Mt = H (ij,glw ).

From the viewpoint of representation theory, the automorphic sheaf w’, corresponds to
the highest weight representation V, (where k is the representation weight) of GL,,. See
section 2.2 of [31] and chapter 8 of [21] for more details.

To relate such concept with infinite level Shimura varieties, we further introduce the
following notations.

Definition 2.36. (1) Let P(GL,,A') denote the Qp-vector space of (polynomial) maps
GL,, — Al between algebraic varieties over Q,.
(2) For each uniform C,-Banach algebra Q, define

P(GLy,Q) := P(GL,,A")&q,Q
and P,(GLy,,Q) denote the subspace consisting of maps f : GL, — Q with
f(yB) = &*(B)f(7), ¥y € GLn, B € By
(3) There is a natural left action of M = GL,, on P;(GLyp,Q) given by

(71-£)(2) = F(1 '2)

and we denote this representation by py.
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Now we have the following proposition expressing classical automorphic forms via infinite
level Shimura varieties. As we mentioned in the introduction, the strategy is indeed similar
to complex setting. The observation is that through the p-adic uniformization map

Xoo,w — Xlw,wa

we can trivialize the G L,-torsor M after pulling back to infinite level. This method will
also be used in establishing equivalence between two constructions of overconvergent auto-
morphic forms (see section 3.3).

Proposition 2.37. For any affinoid open V C Xy with preimage Voo on Xoo 1w, we have
the natural identification

V= peGw+72) " f
B V)= f€PuGLn, Or (Vo)) :
ﬂ[() f ( X,( ))V:(ya ’yb>€Iw.
Ye  Yd

This further implies a natural inclusion over Xy . :
Wiy Wop-

Proof. Consider the following pullback diagram

My ——> M

nml i
Xoo,w - Xlw,w

Recall that we have constructed sections s = (s1,---,6,) (through the flag variety F¢)
for the n-dimensional vector bundle w.,. Moreover, at each Spa(C,, Oc,) point of X ),
these sections generate the fiber (n-dimensional vector space). Therefore the GL,-torsor
M is trivialized by this section § = (s1,...,6,). In other words, we have the following
commutative diagram

Xoow X GLy, Moo

~. 7

Xoo,w

IR

where GL,, acts on X ., X GL,, via right multiplication on the second factor and ¢ is a
G Ly-equivariant isomorphism.
In particular, we have the following isomorphism

ToonOrte (Vo) = P(GLn, O, (V).

Under the natural map 77, : Xoow — X1w,w, the sheaf m, 0 is exactly the Tw-invariant
of Trw (Moo xOm.. ). From the definition of classical automorphic sheaf we get the equality

Wi, (V) = Po(GLy, Ox_ ,(Vao))"™.

The remaining task is to figure out this Jw-action on X , X GL,. The isomorphism ¢ is
over infinite level and the action of Tw is twisted (also influences the second factor GLy,).
Recall the transform rule (due to lemma 2.6)

v (s) = s(37 + 7a)
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for any v = (::Z ’ZZ) € Iw. This implies that the action of Iw on Px(GLy, Ox,,,, (Vo)) is

given by
vof =paamw+ya)v"f,
which is exactly the same twisted action in defining perfectoid automorphic forms. The
first statement holds.
The second statement follows from the natural inclusion

PH(GL’HA ﬁXoo,w (VOO)) — (gg_an(IwM’ ﬁXoo,w (VOO))
]

Moreover, through the study of irreducible components of Xy, X1, and X7y, apply
the method in the proof of lemma 3.4.4 in [13], we further deduce the following injectivity:

Proposition 2.38. The following composition of Hecke-equivariant maps

1 R
Mnyc = HO(X]w,g?w) ﬁ> HO(XIw,w?g?w) — Mfw:w

Tw

18 1njective.
3. COMPARISON WITH OVERCONVERGENT AUTOMORPHIC FORMS

In previous section we have constructed perfectoid automorphic forms together with
Hecke operators acting on it. The main goal of this section is compare it with previous
construction of overconvergent automorphic forms.

In [2] Andreatta-Iovita-Pilloni established a novel method to construct overconvergent
automorphic forms for Siegel Shimura varieties. Their result has many important appli-
cations and their method has also been generalized to other Shimura varieties. In [31],
Xu Shen did such a generalization for compact unitary Shimura varieties with signature
(I,n) x (0,m+ 1) x ... x (0,n + 1), which is closest to our setting. In [8], Riccadro Brasca
further generalized such methods to any PEL type unitary Shimura varieties. In this paper
we will compare our construction with Xu Shen’s results. In later paper of this series, we
will generalize to other unitary Shimura varieties and compare with Brasca’s results.

At first glance, the two constructions appear quite different, as they involve distinct
sheaves defined on different loci. Nevertheless, they yield equivalent results. The key insight
is to reinterpret the theory of canonical subgroups through the framework of the Hodge-Tate
period map wgr. Using (pseudo-)canonical subgroups, we first compare the two kinds of
loci-both of which measure the ”distance” to ordinarity-and show that they define equivalent
systems of neighborhoods of the canonical ordinary locus (section 3.2). We then compare
the two constructions of overconvergent automorphic sheaves and deduce their equivalence
(section 3.3).

3.1. Construction via Andreatta-Iovita-Pilloni’s methods. In this section we briefly
describe Xu Shen’s construction for overconvergent automorphic forms over unitary Shimura
varieties. See his work [31] for more details. Also see Andreatta-Iovita-Pilloni’s [2] for their
original methods in Siegel setting. We will further introduce certain generalized Iqusa torsor,
which is helpful in comparison of two constructions (see section 3.3).

Let m be a positive integer and v € QN [0, %] such that v < 212’"%‘ Recall the moduli
interpretation of the Shimlga variety X, each point z will determine a one-dimensional
p-divisible group H,. Let Ha be a lift of Hasse invariant, we introduce the following adic
open subspace

X(v):={x € X :|Ha(H,)| >p"}.
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This locus is indeed independent of choice of such lift. The locus X(0) is the ordinary
locus, parametrizes ordinary p-divisible groups H, (equivalently ordinary abelian varieties
A;). For positive v, the locus X'(v) is strict neighborhood of the ordinary locus. Moreover,
because v < 21)’”%’ each p-divisible group H has the canonical subgroup of level m
(denoted by C),) inside H[p™], see theorem 3.1 in [31] and theorem 6 of [18] for basic
results of such theory. In particular, C,,,(C,) = Z/p™. Let HP be the Cartier dual of H
and C;- denote the annihilator of C,, under the natural pairing

Hp™ x HP[p™] = pym,

then ]%(H )= IEIVCL(H DY) and O3 is the canonical subgroup of level m for HP.

Let H denote the universal p-divisible group over X (v), Cy, be its canonical subgroup of
level m and C- be the corresponding canonical subgroup of level m for HP. We further
introduce the following space

X1 (p™) (v) = Tsom () (Z/p™)", Ci"),

it is a right M(Z/p™) = GL,(Z/p™)-torsor over X(v) parametrizing frames for Ciy'”.
Define
X(p™)(v) = X1(p™)(v)/Bm(Z/p™).

Through moduli interpretations (see proposition 3.3 of [31]), X'(p)(v) coincides with the
locus X7y, (v) inside Xp,,, which parametrizes p-divisible groups H with |Ha(H)| > p~" with
filtration F'ile(H[p]) such that the first piece is the canonical subgroup Cj. In particular,
these loci X' (p)(v) are strict neighborhoods of the canonical ordinary locus (multiplicative
ordinary locus) inside Xp,,. Let X(v), X1(p™)(v) and X(p™)(v) denote their corresponding
formal models.

Let w e QN (0,m — ’U;:)DTI]’ we further introduce properties of canonical subgroups and
the concept of w-compatibility, which is one basic ingredient in Andreatta-lovita-Pilloni
methods (see section 4.5 of [2]). A

Let R be an admissible Oc,-algebra (see section 4.1 of [2]) with S be Spec(R) and S™9
be the rigid analytic space. Let R, denote the reduction R ®ﬁcp ﬁ@p /p*. Let H/S be
a (relative) one dimensional p-divisible group with constant height n + 1. Suppose for
any point x € S™, we have |Ha(H,)| > p~¥. Then H has a finite flat subgroup scheme
Cy, C H[p™] which interpolates canonical subgroup of level m C,, , for H,. Shrink R if
necessary to ensure that Cps”(R) = (Z/p™)" and wyp is free over S. Then proposition
4.3.1 of [2] (also see section 3.1 of [31]) produces the following sheaf .7 ~:

e There is a free subsheaf .# ~ of wyp which is equipped with a (truncated Hodge-Tate)
map

HT,, : (CyP)(R) = F~ @R Ru
produced from the Hodge-Tate period map
HTCTJY_L,D : C#I’D(R) — Wl -
It further induces an isomorphism
HT, ® Id: (Cpy”)(R) @z Ry — F~ @R Ru.
Take an isomorphism (frame) ¢~ : (Z/p™)" = Co” (R), it produces a basis
{w_(el)a e ,77/}_(6”)}

(here we are using standard basis of (Z/p™)") for Cii'” (R) together with a filtration
Fily” 10 C (§(e1)) € (¥ (e1),d(e)) C -~ C (W7 (1), 9 (en)).
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Set z; = 1~ (e;) and T; denote the basis of each graded pieces.
On the other hand, let F'il,.#~ be a filtration for .#~ (free module):

FilyZ~ =0C FiliL.F ' c--- C Fil,F~ = F".

Let v; (1 <14 < n) be a basis for the graded piece Fil;.# = /Fil;_ 1.7 '. Let {0;,1 <i <n}
be a basis for % ~.
We say that the filtration F'ile.# ~ is w-compatible with ¢~ if

FileF~ @ Ry = HT,,(FilY”) @ Ry.
We say the tuple (File.#~,{v;}) is w-compatible if

FileZ~ @ Ry = HT,(FilY ) ® Ry
and

v; mod (p*' ¥~ + Fil,_1.7 ") = HT,,(7).
We say the basis {J;} is w-compatible with {xz;} if
0; mod pY.F~ = HT,(xz;).
Now recall the moduli space X1 (p™)(v) parametrizes frames of Ci’” over X(v). Under the

concept of w-compatibility, there are formal schemes J2,, parametrizing w-compatible fil-
tration File.Z ~ over X1(p™)(v) and J2U;, parametrizing w-compatible tuples (File-Z ~, {v; }).

Moreover, there is another formal scheme J&%,, parametrizing w-compatible basis {d;}.
And we have the following natural (forget) maps:

IBB, — IWE — IW, — X1(p™)(v).
Now we turn to generic fibers. Let ZW,', ZW,, and ZGB,, denote their corresponding
adic spaces over Spa(C,, Oc,). We have the following natural map:

TP IWE — IW, — X (p™)(v) = Xi(p)(v) = X(p)(v).
Moreover, we also have the following natural map
AIP
rMPB - 1GB, — IWH T— X(p)(v).
We remark that in the literature (like [31] and [2]) people only use 7477, The auxiliary
space (generalized Iqusa torsor) IGB,, has several advantages and makes the comparison in
section 3.3 more clearly. For example, we have the following straightforward lemma:

Lemma 3.1. (1) Under the natural map IGB,, — IW,,, IGB,, is a right Ny ,-torsor
over TW;.

(2) Under the map P8 the space TGB,, is a right Iwag\qj)—torsor over X (p)(v).

Remark 3.2. Although the space IW, has a natural group action via By(Zy), it is not
a group torsor over X (p)(v) when n > 1. This is one advantage of ZGB,,.

Finally we can give the following definitions of overconvergent automorphic forms over
Xrw(v) = X (p)(v):

Definition 3.3. Let (Ry, ky) be a w-analytic weight.
(1) The sheaf of w-analytic v-overconvergent automorphic forms of weight ry
with Iwahori level is
Ky ,AIP —

AIP v
Yoy =m0 Opye IR,

which means the subsheaf of WfIP(ﬁIW$ ® Ry) where B(Zy) acts through the character
v v
K-
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(2) The space of w-analytic v-overconvergent automorphic forms of weight ry

with Twahort level is

A
M = HO(Xpy (v), wit A7)

(8) The space of locally analytic overconvergent automorphic forms of weight
ky with Iwahori level is
MNM,AIP .

= lim
Tw v—0,w—00

Ky ,AIP
MIw,w,v .

Use the formal models, we can also define the integral version (see section 3.2 of [31]).
Finally we mention the following lemma relating the above definition with ZGB,,:

Lemma 3.4. The sheaf gf&‘q}AIP is also equivalent to the sheaf mo IP’BﬁIng k]

Proof. Just observation that ZGB,, is a right Ny ,-torsor over ZW;, thus ﬁzw;: is exactly

the N -invariant of the pushforward of Ozgp,. We're done.
d

3.2. Comparison of two kinds of locus. In this section we show that {Xr,(v)} and
{X,} are equivalent system of neighborhoods for canonical (multiplicative) ordinary locus
inside X7y.

Both locus measures the distance to ordinarity. To further compare them, one useful
auxiliary tool is pseudo-canonical subgroups. See section 2.3 of [12] and section 3.6 of [13]
for more details.

Let w € Q0. Let H be a one dimensional p-divisible group with height n + 1 over O, .
There is a complex (not exact)

0 — Lie(H) — Tp(H) ® Oc, % wyp — 0
and denote the image of HTy by I'my, which is a rank n free module. We further introduce:
Definition 3.5. (1) A trivialization o : ZI+t — T,(H) is w-ordinary if
HTy(a(ep)) € p“Impy.

(2) We call H is w-ordinary if it has a w-ordinary trivialization.
(3) If H is w-ordinary, let m be a positive integer such that m < w + 1, then the kernel
of
H[p™)(Cp) = Img /p"™" ") Img
further defines a finite flag group Cps m C H[p™] whose generic fiber is isomorphic to Z/p™.
It is called pseudo-canonical subgroup of level m for H. For m = 1, we also call it
pseudo-canonical subgroup.

If o is a w-ordinary trivialization for H, then C), ,,[C,] is generated by a(ep). See lemma
3.6.5 of [13] for the proof. Use the same method in lemma 3.6.7 of [13] (or lemma 2.11 in
[12]), we deduce the following properties (analogue to canonical subgroup):

e Let m; < m be a positive integer and w € Q¢ with w > m. Let H be a w-ordinary
one dimensional p-divisible group over Oc,. Then H/Cpsm, is (w — my)-ordinary, and for

any positive integer mo with m; < mo < m, we have C];S’mrml = Cps,ma/Cps,m,, where
! . . .
Cpsmy—m, 18 the pseudo-canonical subgroup of H/Cpsm, with level mg —mj.

Use degree theory for finite flat group schemes and Hodge height (truncated valuation

via Hasse lift Ha) of p-divisible groups, we can show that pseudo-canonical subgroup are
exactly canonical subgroup:

Lemma 3.6. Let H be a w-ordinary one dimensional p-divisible group over Oc,. Suppose

ﬁ +m —1<w <m, then Cysy, coincides with the canonical subgroup of level m, Cy,.
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Proof. We first deduce the case for m = 1, relating pseudo-canonical subgroup and canonical
subgroup. The method is the same as lemma 2.14 of [12] and lemma 3.6.9 of [13]. We can
give a bound for the degree
p—1 1
deg(Cps,l) > Tw >1- 57
then proposition 3.1.2 of [2] shows that Cls is the canonical subgroup C; and the Hodge
height Hdg(H) < 3.
Then use the above properties of pseudo-canonical subgroup we can do induction for
general m. See proposition 3.6.11 of [13] for more details.
O

A simple corollary is the following (half) comparison:

Proposition 3.7. Let m be a positive integer and w € Qg such that 2;%2 <w < n. Then
there exists v € QN [0, 27)”%1) and the natural inclusion Xy, C Xy (V).

For such w, we also have the following nice moduli interpretations: Xp,, ., parametrizes
w-ordinary p-divisible groups H together with a filtration F'ile H [p| such that F'ily H[p] = C}
(canonical subgroup). X, further records a trivialization for T),(H) that is compatible
with FilyH]p).

If (H, o) corresponds to such a point in X ,, and « is a w-ordinary trivialization. Then
a(eg) will produce the level m canonical subgroup C,. Suppose (H,a') is another point
which maps to the same point (H, FilaH[p]) in X7y, then o differs from a via an element
in Jw and we still have the isomorphism:

(Zp/p™)" = H"](Cy) = H[p™|(Cp)/Con(Cp) = CEP (C,).

In other words, each point (H, a/) inside X, also records a frame (trivialization) for C’#L’D.
This observation will be used in next section 3.3.

We only remains to show another direction of the comparison between two locus.

For w € Q1, suppose w € (n— 1,n] for large enough integer n. Pick v € Q=¢ N0, W%l)

such that w € (n — 1+ ;27,n — v’;?%ll], use the proposition 3.2.1 and 3.2.2 of [2] (at level
of Spa(C,, Oc,)-points), we deduce that X7, (v) C Xpw,w-

In conclusion, we have established the following equivalence:

Theorem 3.8. Two kinds of locus are equivalent:
(1) For w € Qxg, there exists a v € QN (0, %) such that Xr,(v) C X w;
(2) For v e Qn (0, %), there exists a w € Qg such that Xy C Xpy(v).

3.3. Comparison of two kinds of sheaves. In this section we will deduce the equivalence
between two constructions for overconvergent p-adic automorphic forms.

Regard the result in previous section, For w € QQ~1, suppose n is a positive integer large
enough such that we can pick up v € Qs N[0, T{,l) with w € (n — 1+ Iﬁ,n — v%].
Then X[w(v) C Xlw,w~

Now we can prove the first main result of this paper:

Theorem 3.9. Over Xy, (v), there is a canonical isomorphism

. HZ/{7AIP ~ Ry
w5 = Wy

In particular, perfectoid automorphic forms is equivalent to locally analytic overconvergent
automorphic forms.
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Proof. We use the same method as in proposition 2.37.
Through the natural map Xo . — X1 w, let Xoo(v) denote the pullback of Xy, (v).
Consider the pullback diagram

IgBoo,w —1GB,

AIP,B
AP \L WAIP,B\L

Xoo (V) —— X1 (v)

Recall that we have constructed sections s = (s1,--- ,s,) for the n-dimensional vector
bundle w,,. We first claim that s will further provide a section for ZGB . over Xoo(v).

It is sufficient to verify this at level of Spa(C,, Oc,)-points. For such a point z, let H
denote the corresponding p-divisible group together with the trivialization

mp Lyt 2 T,(H).

From the discussion of X7, ., in previous section 3.2, we have seen that n, further induces
an isomorphism (frame)

(Z/p™)" = (H[p™)/Cm)(Cp) = Cp”(Cp).-

Then {HT (ny(e1)),--- , HT (np(en))} is a w-admissible basis for the sheaf .7~ inside wyn.
In particular, the section s = (s1,--- ,s,) for w,, provides a trivialization of ZGB,, ~ as

right Iwag\q;[")—torsor:

Koo X Twal a TGBu oo -
Xoo,w

More explicitly, for any affinoid open V C X7y, ,, With preimage Vo, on X 4, the section

WA (V) will be the Tw-invariant of the following induction

G (T, 6(Voo)@Ruy).

As the isomorphism ¢ is over infinite level, the action of Jw on Xy 4 X Zwag\}”) is twisted.
Recall the transform rule (lemma 2.6)

7 (s) = s(37 + 7a),

Ya

7b> € Tw. Therefore the Tw-action is given by
Ye  Vd

for any v = (

Yo f = pPry G + )7 [

which is exactly the same twisted action in defining perfectoid automorphic forms.
We’re done.

O

Remark 3.10. The same proof works for comparison over integral versions. Moreover, two
constructions of Hecke operators are also equivalent (ignore the normalization factor at p).

Remark 3.11. Our proof works for more general unitary Shimura varieties with signature
(a,b) (although more complicated). I will write more details in later paper of this series.
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Through pullback via X7+ ,, — X1ww, We can get overconvergent automorphic form at
strict Iwahori level and the same argument shows that it is just perfectoid automorphic
form at strict Iwahori level. Moreover, the lemma 3.3.10 in [13] also works in our setting so
that we can apply the generalized projection formula (see appendix A) in [13].

4. OVERCONVERGENT COHOMOLOGY

In this section, we shift our focus to the cohomological side and construct the overconver-
gent cohomology, which serves as the p-adic interpolation of the classical etale cohomology
of the Shimura variety. This construction, in turn, provides an alternative realization of
p-adic automorphic forms. Our approach follows the general framework established in the
literature (cf. [19] and [23]). Notably, the construction on this side necessitates the use of
the opposite Borel subgroup to further construct p-adic Eichler-Shimura comparison map
in later section.

4.1. Analytic distributions. Let’s first recall some standard constructions in [19] and
[23].

The starting point is also analytic induction. Previously we did such thing about Levi
subgroup M = GL(n). Now we apply such method to G itself and use opposite Borel
subgroup (lower triangular matrices). The reason of this opposite choice is to construct the
overconvergent Eichler-Shimura map later (e.g. see lemma 5.5).

Recall that we will consider "reduced” weight for T". Let x;; denote a weight for Th/(Z))
with

Ky = (Kum, - 5 Ku)-
1
Let the n x n-matrix wg = 1 be a lift of the longest element of the Weyl group
1
for M. It is an involution, i.e. w3 = I,. We define
17)6(/%{) = (07 KUm, - 7""72/1,1)7
which trivially extend (kzsn,- - ,ku,1) = wo(ky). Consider the opposite Borel subgroup

B°PP (lower triangular matrices) for G = GL(n + 1) and we further trivially extend wq (k)
to a character for BPP(Z,,). Let Iw®PP denote the Iwahori subgroup corresponding to BPP.

Remark 4.1. For a weight Ky, the define for weight ky analytic induction for Tw°PP will
involve wo(ky ) while the definition for such analytic induction via TT will use wo(ry). Such
twist by wq is due to the convention of using opposite Borel subgroup. Such conventions
are indeed compatible the usual convention in the literature (via Borel subgroup B) There is
also a hidden 7switch” process. For example, in the case of classical (algebraic irreducible)
representations, see section 5.3 for more details.

Let r be a positive integer and (R, k) be an r-analytic weight. Fix an isomorphism

n(n+1)

N(pr) =Zp *

i
[ai] = (= i<
Definition 4.2. A function f : N(pZ,) — RZ{F is r-analytic if the composition

n(n+1)

Zp * = N(pZ,) L R - C,8Ry

is r-analytic.
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Let A™°(N(pZy), Ry) denote the set of such r-analytic functions on N(pZ,) and define
o 1
A (N(pZy), But) = AN (pZp), Bu) ).

Now we define the following r-analytic induction:

A2 (Tw®P?, Ry) = { fi T — R,

F(vb) = wo(k) (0) f (), Vv € Tw™,b € BOP”(ZPL}
fIN@z,)is r-analytic.
and )
Ay (W, R) = Ay (Tw™, Rg) ).
Through the restriction we get a natural identification
AL (1™, Ryg) = A™(N(pZy), Rut), £ = Floy)-
Taking continuous dual, we get the corresponding spaces of r-analytic distributions

Dy (T, Ruy) = Homsts (A7 (I, Ry, RY;)

and

1
D (Tw, Ry) = D> (Tw™, Ry )[~].
p

As our goal is to establish p-adic Eichler-Shimura theory, we provide another construction
of such distribution involving the Levi subgroup M = GL(n).

Let B{/" denote the opposite Borel subgroup (lower triangular matrices) for M and
Tw’ denote the corresponding Iwahori subgroup. Similarly we define N377.

Consider the following set

TI = {(tp, tq) € Mlyn(Zp) X wa\gp
and its subset
TIy = {(ts, ta) € M14(Zy) x Ny(pZp)}-
This TT (” twisted Iwahori”) will play the role of TwPP.
Define the following subgroup Nowp of TwoPp:

Nomp — {(ia ]10> |ta € Zj, te € Mn(Zp)}.

ta

The natural projection Jw°PP — TI, t = (t .
c d

) — (tp, tq) induces an isomorphism

Tw®P /Nowp = TT.
Then we can lift any element in TT to Jw°PP. In particular the automorphic factor
My, 1(0c,) x TT — My(C,)
J(Z,t) = Zty + tg

is well defined and is compatible with previous construction (see section 2.2). In other words,
for an element ¢ € TI, we can pick up any lift ¢ and get J(?,t) = J(?f). Moreover the
right 1-cocyle property for this automorphic factor J still holds.

Through the above identification we equip TI with two natural actions:

(i) There is a left action by TwPP through left multiplication:

TwP? x TT — TI

(% %>  (testa) = (Yate + ta, Yete + Yata)-
Ye Vd



PERFECTOID UNITARY SHIMURA VARIETIES AND p-ADIC EICHLER-SHIMURA MAP I 37

In particular, as Jw™ is a subgroup of TwPP, it also acts on TI in this way.
(i) The group N°PP is normal in BPP(Z,) with N°PP\ BP(Z,) = B{*(Z,). In particular

there is a right action by B3/*(Z,) via right multiplication:

TI x B%P(Z,) — TI

(to,ta),y ¥ (oY, tav)-
The natural inclusion TTy < TT induces an isomorphism TIy = TI/B3%”(Z,), combine
with N(pZ,) = Iw°PP | B°PP(Z,) we get the natural identification TIy = N(pZ,).
Similar to the standard construction via Tw°P  we can also define certain analytic induc-
tions and distributions via TT.

Definition 4.3. A function f: TIy — RZJ; is r-analytic is it is r-analytic as a function on
N(pZy) through the identification TIy = N(pZy).

Similarly denote the set of such r-analytic functions by A™°(TIy, Ry) and we define

1
A" (T, Ry) = AT’O(TIO,RM)[E]-

Subsequently we define the r-analytic induction:

Al (TI, Ry) = {f: TI - R}

f(ob) = wolku)(D)f(7), Vv € TLb € By (Zy),
flT1,is r-analytic.

and

o 1
AL (TT, Ry) = Ap° (T, Ru)[ﬁ]
Taking continuous dual, we get the r-analytic distributions:

Di(TX, Ry) = Homig (A (TL, Ry), Ry)

and .
D;M (TL RU) = DQE(TI? RU)[};]

We have the following natural identifications:

AL (TL, Ry) = AR (TwPP, Ry)
and
D;; (TI, Ry) = D;: (Tw°PP Ryy).
The other constructions are also identified. In conclusion, through TT we give an equivalent
description of analytic functions and distributions on [w®PP.
The previous right action of B} (Z,) and left action of Tw’P on TI then correspond-
ingly induces a right action of of B (Z,) and left action of JTw? on Dy (TI, Ry).
For any r; > ro, the natural injection Ay °(TI, Ry) — A2°(TIL, Ry) induces a natural
injection (see [19] section 2.2) Dy%°(TI, Ry) — Dy)°(TI, Ry) , and we denote

D, (TL, Ry) = lim Dy, (TL, Ry).

Suppose (Ry, k) is a small weight and take large enough r» > 1 4 ry, following the
proposition 3.1 of [12] and section 4.1 of [13], Di;;°(TT, Ry) has a decreasing filtrations
Fil7, which are also stable under two actions.

Define

D;° (TI, Ry) = Dy (TL, Ry)/ Fil?

Ku»J
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and we have
DZ’L‘{’(TI, Ry) = lg'nD::’j(TI, Ry).
J

In particular Dy, (TI, Ry) is a profinite flat Z,-module (see [12] definition 6.1).

4.2. Overconvergent cohomology. For simplicity, we will restrict to Jw™ from now on.

The construction of this section works directly at level of Tw®PP. But soon we will
construct the p-adic Eichler-Shimura map, which works naturally at level Tw™ (as Tw™ is
the intersection Tw N Tw°PP).

Fix a small weight (RU, ky) and consider the etale site (over adic space) &7,+ . The
perfectoid Shimura variety X, is a pro-etale Galois cover of X7j,,+ with Galois group Iw™.
For each positive integer j, let 9;; j denote the locally constant sheaf on A7,,+ corresponding
to

T ( Xyt ) — Twh — Aut(D TI, Ry)).

i

We get an inverse system of locally constant sheaves (@:; j). Thus we can consider the
resulting etale cohomology groups

It[:t(‘)cvluﬁL @TO): H (X[er 2.7 )

(Ln K’,u‘]
J

* * oyl
Het(‘)(luﬂrv -@,‘Zu) = Het(Xa -@;:;,{)[;)]

On the other hand, we can also consider the Betti cohomology of the Shimura vari-
ety over C (as manifold). For the Adelic level subgroup K = K? x ITw™, let K? act on
D"° (T, Ry) trivially and Tw™ acts on it through the previous left multlphca‘clon Then

Ru J
DW ;(TL, Ry) corresponds to a local system on Xp,,+(C) and we can consider the resulting
Betti cohomology

H*(X,+(C),D

Moreover we have the following important comparison proposition.

TL Ry)).

i

Proposition 4.4. There are natural isomorphisms

HE(Xpyt, D) = H (X1 (C), Dy (T Ry)).

KusJ

See [13] proposition 4.2.2 for the proof. Although they work with Siegel cases, their
argument directly works for general Shimura varieties.

Now we define Hecke actions on the overconvergent cohomology HZ;(Xp,+, Z};,). Indeed
this follows from the general construction in [19]. See that paper for more details.

Hecke operators outside p. Recall the tame level subgroup K? = K° x Kg (S is a
finite set of ”bad primes”), for any prime [ # p outside S, for any v € G(Q;), consider the
decomposition of the corresponding double coset

KK, = H 57K

Let G(Qy) trivially act on DZ’:J(TI,RM), combine with the natural action of G(Q;) on
Shimura variety, we get the Hecke operator

T’Y . Hékt(XIw+7 -@Z;M) — H;t(XIw+7-@;M)

(1] — ZM-(M)
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Hecke operators at p. For any 0 <14 < n—1, recall the matrices u,; = (umﬁ w )
Py, —

(in section 2.5), where u,; + = p and wy; - = diag(p, ..,p,1,..,1) (i-terms p). In particular,
upvou_ - ]In'

Consider a u,; action on T1I as follow: For any (ty,tq) € T1I, suppose (tp,tq) = (b0, ta,0)0,
where tqo € Nar(pZy) and B € By (Zy), then put

Up,i-(thy ta) = (Upi 1 totty | _ upi —tau, | _)B.
This further induces u,, ;-action on Dy, (T1I, Ry).

Similar to section 2.5, we define the Hecke operators at p as follow:
Take a double coset decomposition

Iw+up,ilw+ = H 5i,jup,ilw+,
J

combine the natural action of G(Q,) on the Shimura variety with the actions of Jw™ and
up,i on Dy (TI, Ry), we get the Hecke operator

Up,i : HSt(XIw+7 @;L{) - H:t(XIw+7 @;M)
(1] =Y 8- (upi-([1]):
J

Remark 4.5. Use the samw trick in proposition 2.30 again, we can get a better viewpoint
about this action.
Similarly set o
Tworr = [wPP BPP(Q),) = N(pZ,)B°PP(Qy).
Then this set is stable under left multiplication by up,;. And for any weight k of T(Zy),
similarly get (extension) the weight for T(Qp), k. Moreover, two inductions are canonically
identified

Inijlg;?EZp) (’@ _) = IndIBlg:ZIEQP) ("{7 _)'

Then we can give equivalent construction of analytic functions and distributions on Iw°PP

—_—~—

via TwePP. In terms of IwPP, the uy,;-action is the same as left multiplication. In
particular, it acts in the same manner as Iw™. Then the Hecke operator U, ; is also well
defined.

Finally we define the total operator U,:
Definition 4.6. Define the operator U, =[], Up;.

5. THE OVERCONVERGENT EICHLER-SHIMURA MAP

In this section, we will establish a kind of overconvergent Eichler-Shimura map relating
these two construction of p-adic automorphic forms.

5.1. The pro-etale cohomology groups. As we mentioned in the introduction, one key
ingredient is to use pro-etale site established in the seminal work [29]. First we will construct
a "big” sheaf 07,  on the pro-etale site X7+ proer Which computes the overconvergent
cohomology in the previous section.
Let
v XIw‘*’,proet — XIw"’,et

be the natural projection. Consider the following completed pullback:

05, = (im0 0 0% | ).

Ku»J wt,proet p
J
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For simplicity, we introduce the following notations:

Definition 5.1. For a small weight (Ry, ki) and r > 10 + 1, we set
O 1= lim HJY (X, 705 )
J

Kyt»,37?

r 7,0 1 n r
DQ:RM = DQ:H’M[;?] = Het(XIw+7 -@,‘iu)7
o¢ e = @(HQ(XIw‘*"@;;j)@OCP)’

K/Lﬁ Cp
J

1
D€l{u (C DQ:KM,OCP [p]

The following comparison proposition shows that the ” big” sheaf exactly computes such
overconvergent cohomology.

Proposition 5.2. There is a natural isomorphism:

H roet(XIw+ ﬁ@ ) U

p K ,Cop

We refer to proposition 5.1.2 in [13] for the proof.

Previously we have seen that there is a Hecke action on the right side, therefore the left
side also has such Hecke actions. For tame (prime to p) Hecke operators corresponding to
double coset [KyK], such action can also be given via the following Hecke correspondence
(the same as perfectoid forms case):

X]w+071w+7*1
pri pr2

XIw"’ Xluﬁ‘

5.2. The overconvergent Eichler-Shimura map. In this section we will first construct
a suitable comparison map between two "big” sheaves over the pro-etale site X7+ y proet,
then taking Jw™-invariant will produce the desired overconvergent Eichler-Shimura map.

Let (Ry, ki) be a small weight and r > 74 + 1. Recall that the perfectoid automorphic
forms is indeed a kind of Jw™-invariant (under twisted action, see remark 2.26). Similarly
we have such analogue for overconvergent cohomology sheaf:

Lemma 5.3. Let V — X+ be an affinoid perfectoid pro-etale over Xy,+ and set 'V,
V xx,  Xoo. Then we have the following natural identification

r ~ 7,0 S5 Iw™
097, (V) = (D (TL RGO, , (V)™

We refer to [13] lemma 5.2.1 for the proof.
Now consider the completed pullback to the pro-etale site for overconvergent automorphic

sheaf:
KZ/“ . K/l/ﬁ + '
l#(—w et . ® ﬁX]w"F,w,pT‘oei /p])
XIwJF,w,et
and
~Ky ~Ky,+ 1
Qw = gu} ’ [7]

Proposition 5.4. There is a canonical Galg, -equivariant map

Hproet(XIer w> Aﬁu) — H (XIwa w7wnu+n+1)( TL)
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Proof. Consider the natural projection v : Xyt 1 proet — Xrw+wet, apply the corollary
A.3.14 (a kind of projection formula) in [13], we get a canonical isomorphism:
Riv* ﬁXIw“",w,proet = RZU*QZ}M

Ky
w &
“w,et ﬁXIw+,w,et

On the other hand, we have the following standard computation in p-adic Hodge theory
(e.g. see remark 6.20 in [29] or proposition A.2.3 in [13])
Riv, Oy =~ O (—4).

Tw™t ,w,proet Iw+,w,et

In particular, if ¢ = n, we get

R, 0x =~ 0%, (—n).

Tw™t w,proet Twt,w,et

According to the Kodaira-Spencer isomorphism for Ql . and take its determinant bun-
dle Q . » we get the following isomorphism (after a sultable central weight shift):

n ~ , ntl
X[ + wIer
Recall that over &7+ ,,, there is a natural inclusion from the sheaf of classical automor-
phic forms into the sheaf of overconvergent automorphic forms (proposition 2.37):

n+1

Wity = Wit

Combine them together and apply the spectral sequence relating etale cohomology and
pro-etale cohomology, we obtain the desired natural map:

Hproet(XIw“' wo AHM) — H° (X1w+ wawnu+n+1)(_n)'

0

Now we are ready to construct the comparison map. Consider the following function

(w),

Chwt kg ON Twy,

k1 (X11) | kye(det(Xi )i<ij<2)
e X = (X)) — : X : WIS STl e XK det(X)).
ot (Xij) ku2(X11)  kus(det(X; )i<ij<2) tn(det(X))

It is a certain analytic analogue of highest weight vector in algebraic irreducible represen-
tations (see section 5.3).
We have the following construction:

Lemma 5.5. for any Z € M, 1(0c,) and p € Dy, (TI, Ry), we associate the following
function f, z € C',:L_{“”(IwM,(Cp@JRM) to them:

Juz v = / Ehwt g (Woy 1T (Z, ti)wo)dps.
TI

Proof. This lemma follows from the following straightforward observations:
(1) For any Z € M, 1(0¢,) and v € Twyy, the function

t1 = (tb, td) = Chawt, kg (wo’yfl(th + td)wo)
lies in A7, (TT, Ry).
(2) For any v € Twy and b € By(Z,,), we have

Fuz(0) = Ky (0) fz(7)-
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Now we can construct the desired map 7y, : 0%, — W, between sheaves on the pro-
etale site X7yt proet- 1t is enough to construct functorial maps 07, (V) — @y (V) for any
affinoid perfectoid V in Xyt 4 proet-

Recall the coordinate 3 on X ,, and consider the following map

DQIS (TI7 Ru)(gﬁ)([wﬂL,proet (VOO) - Cf,’;uz/{_an (IwM’ ﬁXIuﬂL,proet (Vm)®Ru)7

TR S

It is sufficient to show that this map is Jw*-equivariant (the right side is twisted action) and
taking Jw™"-invariants will produce the desired map 0%y, (V) — &% (V) (due to lemma 5.3
and remark 2.26).

Such equivariant property is a routine check:

For any o € Tw™ and v € Twy, we have

0 (8) fops (1) = 07 (8) /T Chuton (007 T3, u0)d(e - )

= 04*(5) / . Chwt, Ky (wO'Y_lJ(ﬁ, Oéti)wo)du
T

= @0) | enuto w0y (5,00 (@ 5. t)un)ds = - (5.
TI
Here the third equality is due to right 1-cocyle property (lemma 2.5)
J (3, ati) = J (5, a)J (a3, ti).

What’s more, the u,;-action on analytic distribution Dy (TI, Ry) is equivalent to left
multiplication by w,;, exactly the same as [w™-action, see the remark 4.5. Therefore the
same argument shows that this map is also u, ;-equivariant.

Combine everything together, we get the following composition map

o~ R
DQ:Z;M’(CP - ngoet(xlw+’ ﬁ‘@r{u) — ngoet(Xlw+,w7 ﬁgﬁu)

Mk, ~ 0 1 +n+1

“ groet(XIer,wv@Zu) — H (X1w+,wvﬂfuu+n+ )(_n) = M}{Sﬂ?y (_n)
Moreover, this map is Galg,-equivariant. For tame Hecke operators (outside p), it acts

on both sides via the same correspondence, therefore this map is equivariant. For Hecke

operators at p, from the definition of U, ;, and the equivariant property of 7, respect to

Tw™ and u,; discussed above, this map is also equivariant.

In summary, we obtain the following result:

Theorem 5.6. There exits a Hecke and Galg,-equivariant overconvergent Eichler-
Shimura map
: +nt1
ESy, : D(’ZZM’(CP — MZZ@Z) (—n).
Remark 5.7. Our methods works for more general unitary Shimura varieties with signature

(a,b). In that setting, the construction of lemma 5.5 is more subtle. I will write these details
in later papers of this series.
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5.3. Relation with the classical Eichler-Shimura map. In this section we will deduce
compatibility between overconvergent Eichler-Shimura map and classical Eichler-Shimura
map. In particular, if the weight x is classical, the image of p-adic Eichler-Shimura map is
contained in the image of classical Eichler-Shimura map.

A classical weight is an algebraic dominant weight:

k= (K1, ,kn) € X(T)=Z",K1... > En.

As we work with "reduced” weight, we will view (0, %1, -+ , ky,) as the corresponding weight
for T. To produce an irreducible algebraic representation for GL,11, the necessary and
sufficient condition is that

K1 2 -+ kp 2 0= Ko.

And the weight (x,0) will be the corresponding representation weight.

Remark 5.8. Here is a subtle issue about weights. In the definition of "analytic distri-
bution” (indeed algebraic version) for GLy4+1, we will use (0,wo(k)) while the resulting
G L, 1-representation has the representation weight (k,0). Implicitly there is a ”switch”
process. This hidden fact is due to basic behaviour of Hodge-Tate period map in the view-
point of representation theory for GLy+1 and GL,. This issue doesn’t arise in the Siegel
case treated in [13], since Spay, is self-dual, whereas GLy is not. This leads a crucial dif-
ference between our construction and theirs. I will make this subtle fact more explicitly in
the case of GU(a,b) (later papers of this series).

Set kK = (k,0). Recall the classical highest weight representation Vi (see section 2.2). In

that section, we're using traditional convention, Vz = I ndg’alg (k¥,Qp). More concretely, it
is

V’,{ = {f : GLn+1 — Al

f is an algebraic map over Q. '

It is a finite dimensional Q,-vector space with left G(Qj)-action

(92 F)(g1) = flg5" 1)
for g1, g2 € G(Qp).

During our construction for overconvergent cohomology, we are using other conventions
(opposite Borel subgroup B°PP and distribution). Now we rewrite Vi in this convention, as
a kind of dual space. Recall the convention wy(k) = (0, kn, -+ , k1), then the dual space of
V; is exactly

Ind§((x,0), Qp) = IndFom (wo(x), Qp)

In particular, our convention in weights for analytic distribution is compatible with
usual notations in classical representation theory.

What’s more, during the construction of overconvergent Eichler-Shimura map, we have

constructed epy,. When the weight k is classical, it naturally extends to a function on
M, (C,): For any matrix X = (X; ;) € M,(C,), we define

ehwtﬁ(X) = )(villil€2 X det((Xi,j)lgi’jSQ)HQ_H?’ X ... X det(X)”".

And it is the highest weight vector (respect to the opposite Borel subgroup Bjy)
in the representation [ nd%M(/@, Q,) (its representation weight is k") of GL,,. We will also
apply epwt x to study classical Eichler-Shimura map.

Remark 5.9. We stressed that in this section when we say highest weight vector, it is
always respect to the opposite Borel subgroup. It is the unique eigenspace of the opposite
Borel subgroup.



44 RUISHEN ZHAO

First we introduce the classical etale cohomology defined by these highest weight repre-
sentations. The left action G(Q,) on V, induces etale Q,-local system on Xj,,+ which we
still denote by the same symbol. Moreover, we have the following natural isomorphisms

Hey (X, Vi) = Hgy (X, Vi) = H (X (C), V).

And similarly there are Hecke operators (tame 7T’,) and U, ; acting on them.
Then similar to the discussion of overconvergent cohomology, we will introduce pro-etale
sheaves to study these classical cohomology. We define 07, on Xyt et

ﬁ%ﬁ = Uflv’ﬁ ® 5X1w,proet‘
Similarly we have the following natural isomorphism

H:t(Xlw+7Vl-€) ® CP ~H,

proet

(Xrut, OV5).
What’s more, let V — &7+ be an affinoid perfectoid object in X7+ ,reer and set
Voo 1= Voo X1, 1 Xoos
we have similar relation
OV (V) = (Vi ® Oy e (Vo)

On the other hand we similarly introduce the p-adically completed automorphic sheaf on
Xrw+ proet defined by

1

. 7+
g?w-'— = H(Q;Uﬁ' ®ﬁk’1w+ ﬁXIuﬂL,P'roet/pm)[;]‘
m

And we also have the analogue (proposition 2.37):

~ Y = pe(37 + 7a) [
V)= | P BV, _ (0 ) 1
Ve

The classical Eichler-Shimura map We first show that Hodge-Tate period map has
nice properties in representation theory.

Let Viiqn denote the standard representation of GL,, which has induction weight
(0,---,0,—1) (representation weight is (1,0,---,0)). It has standard basis {e1,--- ,ép}.
And use {ep, ..., e, } to denote the standard basis for Vg ,,+1. Consider the GL,-equivariant
map

0 Vstan+1 = Vitdn,
ei +— €;(i > 0);e9 — 0.
This map sends the highest weight vector (for opposite Borel subgroup B°PP) e, to highest
weight vector (for opposite Borel subgroup B3j/*) é,. Moreover, for any 1 < k < n, the
induced map /\sztd,nH — /\sztd,n has the property

enNepn1- Nep_gy1 > En Nep_1- Nep_jy1.

For any classical weight kK = (K1, ,kp), its corresponding algebraic irreducible rep-
resentation V. ((k,0) is representation weight) is a direct summand of the GL1-
representation

G = (Sym™ T2 Vg 1) @ (Sym™ " (A2 Vg pne1)) @ - @ (Sym"™ (A" Vitant1))-

The weight (k1,...,K,) also produces an algebraic irreducible representation V, , (with

representation weight «) for GL,,. Similarly V, , is a direct summand of Vfj, . (analogue

of V%,). The map ¢ induces a map V), — std.n» Which further produces a G L,-equivariant
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surjection V, — V. ,,, and the highest weight vector (for B°P) is sent to the highest weight
vector (for B).
This discussion fits into the picture of Hodge-Tate period map. Recall the map

n+1
0% = Woo,

it exactly corresponds to the map ¢ : Vg n+1 — Vistan in representation theory. And similar
to Vi, the GL, 1 representation Vj, also produces etale local system and related sheaf in
pro-etale topology. The G'L;,-representation V, = correspondences to automorphic bundle

Wryt sta = (Sym™ w4 ) @ (Sym™ "8 (Nwp,t)) ® -+ @ (Sym™™ (A" Wyt ).

It has a natural surjection to wfy .. Put everything together, we obtain the comparison
map

el OV = W
The map implies the classical Eichler-Shimura map of weight s

[a)

Esglg : Hn(X[thm) ®QP Cp H;Lmet(X[er, ﬁ%@)

1
%

ngoet(xlw*"g?er) - HO(XIw*"QZ—HLJFI)(_n)'
This map coincides with the classical construction in theorem VI 6.2 of [17]. It is a Hecke
and Galg, equivariant surjection.
What’s more, when restrict to X7,,+ ,,, we can make this map more explicitly in a way
similar to overconvergent Eichler-Shimura map.

Consider a matrix (column vector) Z € M, 1(Cp), g = (3‘1 gb) € GLp11(Qp) and
c d

v € GL,(Qp), recall J(Z,g) = Zgy + g4. Similar to overconvergent Eichler-Shimura map,
we obtain the following construction:

For any p € V, ® Cp = (Ind%ep, (wo(k),Cp))Y, we can associate the following element
fu,z € Po(GLy,C,p) to them:

f/jl% Y / ehwt,n(Woy (2, g)wo)dp.
G(Qp)

This is well defined because epyy, extends naturally to M,(C,) and we have the same
observations in lemma 5.5.
In conclusion, we obtain the following proposition:

Proposition 5.10. (1) Let V' be an affinoid perfectoid object in Xpyt 1 proet and Voo is the
base change to Xoo 1 proet- There is a well-defined Tw™ -equivariant map

ﬁglg : VH & ﬁXoo,w,p'rOEt (VOO) — PH(GLn7 ﬁXOwaypTOEt (VOO))
defined by

PR g of 9,

alg () = /G o, Crutlwr™ G, g
p

(2) The map n,%lg 1s obtained from ﬁﬁlg via taking Tw™ -invariants.
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Proof. For the first statement, we only remains to check the Jw™"-equivariant property, which
follows from the same computations in the construction of overconvergent Eichler-Shimura
map.

For the second statement, we observe that over the point 3 = 0, the construction of ﬁlg
maps the highest weight vector for BP(Q,) to highest weight vector for B3/"(Q,), which

is the same property of n®9. Further apply the Jw'-equivariant property of 72 we finish
the proof.
]

Finally we deduce the following compatibility:

Theorem 5.11. Let k be a classical weight, then the overconvergent Eichler-Shimura map
ES,; factors through the classical Eichler-Shimura map. In particular, the image of ES,; is
contained in the finite dimensional Cy-vector space of classical forms qujf“(—n).

Proof. There is a natural inclusion

Indg S (i@ (), Q) < AL(TL Q).

Taking dual we obtain
D/ (T1,Q,) - V,
which further induces a map between sheaves

6I = 0%,

Moreover, we have the following commutative diagram

~K
OV "

As both overconvergent Eichler-Shimura map and classical Eichler-Shimura map can be
carried out by the same process, and recall the injective map

HO(XIuﬁ‘)Q?w-F) — HO(XIw+,w7g?w+)7

put everything together, we get the desired commutative diagram:

Sk
(Xlw‘hﬁ-@ )L)H (Xlw+ w>wn)

A

(‘)C'IwJr ﬁa//)*)H (XIer w]w+)

H}

proet

H?

proet

0

Remark 5.12. A simple corollary is that the kernel of ES, is infinite dimensional. Its
deeper structure, which is further related with higher Coleman theory, will be explored in a
subsequent paper in this series.

6. THE EICHLER-SHIMURA MAP OVER THE EIGENVARIETY

Previously we have constructed overconvergent Eichler-Shimura map. Indeed it is func-
torial respect to weights and in this section we will glue it over the eigenvariety.
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6.1. Construction of the eigenvariety. In this section we quickly recall the construction
of the eigenvariety from the overconvergent cohomology, following the standard methods in
[19] and [12].

Definition 6.1. (1) Let (Ry, ky) be a small weight, we call it is open if the natural map
U™ = Spa(Ry, Ry) — W

1S an open iMmmersion.
(2) Let (Ry, ku) be an affinoid weight, we call it is open if the natural map

U™ = Spa(Ry, Ry)) — W
1S an open 1Mmmersion.

Let (Ry,ky) be an open weight with an integer r > 1 + 1y. we can consider the
Borel-Serre chain complex  Co(Iw™, A}, (TI,Ry)) (resp. Borel-Serre cochain complex
C*(Iw*, Dy, (T1, Ry))) which is constructed from the Borel-Serre compactification of the
locally symmetric space Xp,,+ (C) and computes Betti homology H.(Xp,+(C), AL, (TL, Ry))
(resp. Betti cohomology H*(Xp,+(C), Dy, (TI, Ry))). See [19] section 2 for more details.
We define

o = EBC (Iw™, AL, (TL Ry)),

C/itgr = @C’(Iw+,D;u(TI,Ru))
Due to [19] section 2.2, A} (TI, Ry) is orthonormalizable thus Cy4" is also orthonor-
malizable Ru[%}—module. And there are natural Hecke operators on it and the action of

Up (Hecke operator at p) is compact. Let FZ . € Ru[%][[T]] be the resulting Fredholm
determinant of U, acting on it. Then for any h € Q>o, the existence of a slope-< h de-
composition of C{4"" is equivalent to the existence of a slope-< h factorization of F, R
Moreover, such slope truncation has certain functorial property. If C“Z{’<h is the slope-< h
submodule of C;%" and let Uy = (Ry, ki, ) be another open weight with U] C U™, then

there is a canonical isomorphism
1 K
Kuy,m Uy T
Ctot7<h ®Ru[ ] Ry, [p] Ctot <h

Definition 6.2. Let U = (Ry, ki) be an open weight and let h € Q>o. Then pair (U, h) is

called a  slope datum if F° . admits a slope-< h factorization.

According to [12] proposition 3.3 and 3.4, we have the following result concerning slope
truncation of Betti homology (cohomology) for the Shimura variety:

Proposition 6.3. Let (U, h) be a slope datum and (Ryy,, ku,) be another open weight with
u”g umg
(1) There is a canonical isomorphism

1
H*(X1w+ ((C)a A (TI RZ/I))<h ®R [ ] RUl[p] = H, (X1w+(c) Aq.;ul(TIv RLﬁ))Sh
(2) The dual side, C{%* . and H*(Xp,+(C), D}, (TI, Ry)), also admit slope-< h decom-
position, and such slope truncation have similar functorial property as above.

What’s more, we can vary the open weight U/ and glue the Fredholm determinant into an
entire power series Fyj7 € Oy(W){{T'}}. It is independent of radius r (see [19] proposition
3.1.1).
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On the other hand, we can also consider the space of overconvergent automorphic forms
MU, = HO(Xpy+ 4, witt). It has property (Pr) in the sense of [10] and also has Hecke

Twt,w
actions. The U, operator is also compact. Then we obtain the Fredholm determinant F, %u,w-
Similarly we can glue them together when vary affinoid weights. Further taking limit over
w we get the entire power series Fvn&f € OpwW){{T}1®C,.

Now we proceed to construct spectral variety, which is the first step to construct
eigenvariety. See [26] for more details about the general machine of eigenvariety.

Define

Fy = F P € owW){{THEC,,
which is still a Fredholm series. Let All/\/ =W X$pa(Qp,2,) A%:p. The spectral variety S is
the zero locus of Fyy inside A)l/v.

Definition 6.4. Let U be an open weight and L{&g denote the base change to Spa(Cp, Oc,).
Define the adic line Ai{ = U9 x A<1Cp' For any h € Qsg, consider the closed ball B(0,p")
of radius p"* over C, and define By p :=U" x B(0,p"). Set Sup =S8N By . We call the
pair (U, h) is slope-adapted if the natural map S — Ué;g is finite flat.

Consider the collection
Cou(S) = {Su,n : (U, h) is slope-adapted}.

Let Covgyf(S) be a sub-collection, consisting of Sy, with U being an affinoid weight. By
[19] proposition 4.14, Cov,ys(S) forms an open cover for S. Use this cover, we define the
following coherent sheaves on S:

Definition 6.5. (1) Recall the limit D,];M(TI7 Ry), the coherent sheaf '°t on S is defined
as follow:

A SL”‘ @H ‘X'IwJr Dlu(TI’ RU))Sh)(@CP'

(2) On the other hand, the coherent sheaf F 1 + on S is defined by

+n+1, <h
T (Sup) = MU

The Hecke algebra T (see section 2.5) acts on both of the coherent sheaves and we get
two eigenvarieties:

Definition 6.6. (1) Let Ty;, be the reduced Os, ,(Syn)-algebra generated by image of
T — End(A""(Sy,n)), and the resulting coherent sheaf on S denoted by Fyc. Let Ty, be
the integral closure of Us,, , (Sun)° inside T{f,, and the resulting coherent sheaf is denoted

by ..

(2) The reduced eigenvariety £° is defined to be the relative adic space Spas(Loc, L)
Definition 6.7. (1) Let TZ”; be the reduced s, , (Syn)-algebra generated by image of
T — End(ﬂ\;w+ (Su,n)), and the resulting coherent sheaf on S denoted by 7, 5. Let ']I‘Zf,f be
the integral closure of Us,, , (Sun)° inside Tg];, and the resulting coherent sheaf is denoted
by S

(2) The equidimensional eigenvariety E™f is defined to be the equidimensional locus
inside the relative adic space Spas(Fmf, S5 1)-
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Remark 6.8. Previously, through the methods of 2], Xu Shen constructed the eigenvariety

in [31], which is equidimensional. Our Sénf is the base change of his construction to C,
(with reduced weights, i.e. n-dimensional).

The later eigenvariety is ”"smaller” than the previous one:
Proposition 6.9. There is a natural closed embedding E™f — £°°.

The proof is the same as proposition 6.2.6 in [13]. The key ideas is to apply classicality
results (small slope implies classicality) and p-adic functoriality (theorem 5.1.2 in [19]).

Remark 6.10. In next paper of this series, we will further consider the higher Coleman
theory (see [6]) and put all degree together, then the resulting eigenvariety should be the
same as the eigenvariety produced from overconvergent cohomology.

We identify £™/ with its image inside £°¢ and denote it by £. It is the desired eigenva-
riety and is equipped with the weight map wt : £ -+ W and the natural map 7 : £ — S.
In summary, we have the following commutative diagram:

E—"=S8

N
14%

6.2. Comparison map between sheaves on the eigenvariety. In this section we glue
the p-adic Eichler-Shimura map into a comparison map between corresponding coherent
sheaves on the eigenvariety £.

Recall the overconvergent cohomology group

OC, ¢, = H"(X1y+(C), Dy, ;(TL Ry))&Cy,
we define the limit T
O¢, ¢, =ImOC ¢ .

Let (Ry, k) be a small open weight and recall the overconvergent Eichler-Shimura map

ES,, : O¢ — M (),

r14,Cp Twt,w

If (U, h) is slope-adapted, then the Hecke equivariant property of ES,,, induces a Cp<§)Ru—
linear map on the slope truncation:

<h . oygn<h Ku+n+1,<h
ESS) DQ:Hu,Cp — le+,w (—n).

Because the slope truncation is functorial respect to weight (see proposition 6.3), the com-
parison map ES,?L? is also functorial for weights. In particular, for any affinoid weight
Uy C U™, we also obtain a comparison map
<h . r,<h ~ r,<h
ES,,;M1 :0C =~ OC O Ry [

ky+n+1,<h Ky, +n+1,<h
ity ,Cp ku,Cp E] M (_n) M (_n)

Rul - Twtw Twt,w

For each Sy p,, let &y be the preimage under m : £ — §. On the eigenvariety &, we
consider the following two coherent sheaves:

06 (Eup) = OCL

ku,Cp
and
K n <
Tl (—n)(Eup) = MpuHLSh ),

Twt,w
Because ES,?; is functorial for weights and we can glue them. In conclusion we obtain
the following result:
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Theorem 6.11. There is a comparison map

£8: 0%t — F] . (—n)
between coherent sheaves over £ such that for each slope-adapted pair (U, h), the map
ES(&u,p) is the overconvergent Eichler-Shimura map ES,{SZ:L

We can say a little more about this map £S. Denote by #/m and J#er the image and
the kernel of £S5. We get the following exact sequence over &:

0— Her — 0T — Fm — 0,

and the following result:

Proposition 6.12. Let E'f be the locus of E where X er, 0¢T and Fm are locally free.
Then the above exact sequence splits locally over E“T.

See theorem 6.3.2 in [13] for the proof. The key technique is to apply Sen operators in
p-adic Galois representations to split this sequence (due to proposition 2.3 in [24]).

Remark 6.13. In next paper of this series, I will further study € er. It is related with
higher Coleman theory, just like [14] in GSpy4 case. And such p-adic Eichler-Shimura theory
has applications to ramification locus of the weight map.

7. FURTHER DEVELOPMENT

7.1. General unitary Shimura varieties. The results of this paper admit several natural
generalizations, which we plan to pursue in future papers of this series.

One direction is to establish a refined p-adic Ficher-Shimura comparison theory. As
mentioned earlier, the kernel of the overconvergent Eichler-Shimura map ESj; is "large”. In
the envisioned "full” p-adic Eichler-Shimura theory, the overconvergent cohomology should
admit a filtration whose graded pieces are related to higher Coleman theory introduced in
[6]. In a subsequent paper, we aim to develop this refined theory and generalize the results
of [14] (on G'Sp4) to our unitary setting.

Another natural direction is to extend our results to more general unitary Shimura vari-
eties, including those of signature (a, b) and allowing for non-compact situations. The main
ideas of this paper carry over, but they require substantial technical modifications. The
case of general signature is significantly more subtle and involves heavier notation; in par-
ticular, a delicate ” switch” process (see section 5.3) must be handled carefully. Regarding
compactifications, we can draw on the general results of [13]. These technical challenges,
while non-trivial, can be overcome with additional work. We plan to address these details
in later papers of this series.

7.2. Other arithmetic applications. As mentioned in the introduction, our work is mo-
tivated by the study of eigenvarieties and p-adic L-functions.

One important application is to the ramification locus of the weight map on the eigenvariety-
a fundamental question concerning the geometry of eigenvarieties (see, e.g., open problem
1 in section 8.3 of [2]). Through classical Eichler-Shimura theory, in [4] Bellaiche related
such ramification locus of eigencurve to p-adic adjoint L-function for modular forms. More
recently, Diao, Rosso and Wu used their p-adic Eichler-Shimura theory for GSp4 to obtain
certain etale points for the eigenvariety (see corollary 1.2.5 of [14]). In a subsequent paper,
we aim to establish analogous results in our unitary setting.

On the other hand, p-adic Eichler-Shimura theory also has significant arithmetic appli-
cations to p-adic L-functions and related topics such as the Bloch-Kato conjectures and
Iwasawa theory.
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For example, in his ICM 2022 report [25] (see in particular Section 7), Loeffler outlines
an approach to the Bloch-Kato conjectures for GSp, that involves two types of p-adic L-
functions: one arising from the etale cohomology of Shimura varieties, and the other from
their coherent cohomology. A key ingredient is the comparison between these two p-adic
L-functions, which requires a suitable p-adic Eichler-Shimura map and is often beyond the
natural scope of classical comparison theory. Another illustrative example is the work on
p-adic Artin formalism [9] (see in particular section 3.7), whereas p-adic Eichler-Shimura
maps again plays an essential role by interpolating classical comparison maps into a p-adic
family version.

These examples suggest that our results may open the door to analogous arithmetic
applications for unitary groups, particularly in the context of p-adic L-functions. We plan
to explore these directions in the future.
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